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SUMiVAR  Y 


The  viscous  transverse  curvature  effect  in  coiripressible  axially 
syrriinetric  laminar  boundary  layer  flow  has  been  investigated,  and  it  is 
found  that  the  effect  is  characterized  by  the  parameter  which  is 

essentially  the  ratio  of  the  boundary  layer  thickness  to  body  radius.  It 
IS  shown  that  the  Busemann  and  Crocco  integrals  of  the  two-dimensional 
energy  equation  for  Pr  = 1,  are  still  valid  for  axially -symmetric  flow  in 
which  the  transverse  curvature  effects  are  considered.  By  a generaliza- 
tion of  Mangier' s transformation  it  is  then  shown  that  the  boundary  layer 
equations  are  reducible  to  an  almost  two -dimensional  form,  making  the 
analysis  simpler  for  two  asynnptotic  flow  regions  characterised  by  /\/r^ 

>>  1 and  A/r^^  less  than  or  of  the  order  of  unity.  It  is  with  the  latter 
region  that  llie  present  paper  is  primarily  concerned,  and  fo"  this  case 
it  IB  .show,,  t’tiai,  the  additional  term  in  the  momentum  at.d  energy  equation, 
which  difiercniiales  it  from  the  two-dimensional  form  behaves  like  an 
axial  pressure  gradient.  On  this  basis  the  result.s  of  previous  authors  are 
in  e or  s Lefi . V:x,.  < pt  fur  the  ca.se  nf  a "near  paraboloid"  with  zero  pressure 

graci.'ent  whe  c ’ .similar"  profiles  can  be  found  for  ail  v.alues  of  it 

ne cr  y to  obtain  the  "exact"  solutions  in  the  range  vvhere  Zl\/\  ^ is 
ie.s.s  than  or  possibly  of  the  order  of  unity  by  means  C'f  asymptotic  expansions 
ID  ascending  powers  of  a p.nrameter  which  is  small  compared  to  unitv  hut 
pronortiona)  to  It  is  shown  how  the  asymptotic  solutior..s  for  the 


■lositv  f.nd  ler.n  oera  tu  r «;  can  bo  tc.und  for  ' zero  nressvirc  erail.e-nt"  when 


the  hudy  shapes  go  hke  ax*'  c.ad  7,^  .;  The'  zero^^  appr oxii’oation 

'.3  the  Mangier  result. 

The  first  order  correction  to  tne  Mangier  formulation  for  Pr^  1 
shov.'s,  that  at  least  in  the  <.  :ise  of  tlie  cone  and  cylinder,  the  effect  on 
l'>oth  the  skin  friction  coelticient  am'j  heat  transfer  rate  can  become  appre- 
ciable ■■n  the  range  'vhere  A/r.^  i '■  less  r.hau  or  of  the  order  of  unity. 

''V 

At  a constant  A/r  , the  effects  are  increased  in  mapnitude  when  either 

' o 

the  ratio  of  wall  to  stream  temperature,  or  Mach  number,  is  in- 

creased. Also,  all  other  conditions  being  ecj>aal  for  the  same  value  of 
.iS.  / r the  skin  friction  coefficient  and  heet  transfer  increase  on  the 
cylinder  is  greater  than  that  on  the  cone. 
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LIST  OF  SYMBOi^S 

S'iic  siibscript  "e”  denotes  q-aantitic s iti  the  inviscid  external  flow,  and 
t-he  subscript  ' OO''  denotes  values  in  the  undisturbed  free  streairi  far  from 
the  body.  The  subscript  "w’’’  refers  to  values  of  the  physical  quantities  at 
the  wail  and  the  subscript  ’’M'’  refers  to  the  value  given  by  the  Manglei’  for- 
mulation. 
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azimuthal  angle 
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coefficient  oT  viscosity 
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1 . IN  CTiON 

1.  1 Preliminary  Cons jde ration s and  Transverse  Curvature 
Parameter 

The  steady  laminar  boundary  layer  on  an  unyawed  body  of  revo- 
lution differs  from  that  on  a two -dlmensi 'nal  shape  in  that  the  axially- 
symmetrtc  boundary  layer  muat  not  only  in  thickness  with  dis- 

tance alon}3  tlic  surface,  but  in  addition  must  also  spread  circum- 
ferentially as  it  grows.  Clearly  therefore,  the  rate  at  which  the  body 
cif.  cunTerence  rhanp^es  v/ith  length  will  be  the  axially  - symmetric  geo  - 
metrii..al  factor  -wlu'h  will  deteimiine  the  characteristic  s of  the  retarded 
’•iscous  layer.  The  body  geometry  effect  can  therefore  be  considered 
to  nianifcst  itself  through  the  two  surface  curvatures  shown  in  Fig.  1 
for  a pointed  body  of  revolution.  The  fu  st  is  the  longitudinal  curvature 
in  a meridian  plane,  denoted  by  K^,  while  the  SK-,_ond  is  the  transverse 
curvature,  K^,  of  the  body  in  a plane  per pendiculai  to  the  flow.  Now, 
it  is  evident  that  the  longitudinal  surface  curvature  is  a quantity  wuicii 
IS  associated  not  only  with  uxiai  symmetry,  but  also  with  any  cui'ved 


surface  in  two-dimensional  flov/ . 
layer  problems,  it  is  pe.nuraliy  a 


in  the  usual,  ti-eatmert  of  boundary 
sc’cred;  that  h and  ^ dK  i are 


small  compared  to  unity,  here  b is  the  boundary  layer  thickness)  in 

which  case  the  effects  of  longitudinal  surface  curvature  are  negligible. 

Of  course,  these  conditions  inijiose  certain  restrictions  on-  the  body 

1 


siiap-e.  and  tlic  effect  of  remov’.n.g  -h-em  been  studied  i.y  Murphy 


j 

I 

I 

i 


~ 2 - 


for  inconipresBible  flow  with  z.ero  pressure  gradient.  However,  so  far  a.n 


the  present  paper  is  c ncerned  this  longitudinal  curvature  effect  will  be  neg 
i o c te  d . 

The  transverse  curvature  of  the  body,  K^,  in  a plane  perpendicular  to 
the  flow,  is  distinguished  by  tlic  fact  that  it  arises  only  from  the  three- 
dimensional  nature  of  the  problem.  Of  course  for  a body  of  revolution  the 
section  in  any  transverse  plane  is  by  definition  a circle,  so  that  here  the 
curvature  is  simply  the  inverse  of  the  body  radius,  r^,  at  any  position  along 
the  axis.  It  IS  the  purpose  of  this  work  to  examine  what  effect  the  introduc  - 
tion  of  this  transv'erse  curvature  has  on  the  values  of  such  quantities  as  the 
viscous  shear  and  heat  flux  particularly  at  the  body  surface.  The  present 
paper  indicates  the  fundamental  physical  and  mathematical  ideas  involved; 
the  more  detailed  computations  and  numerical  results  being  rt  served  for  a 
forthcoming  report.  In  addition,  the  future  work  will  contain  a more  com- 


plete analysis  of  the  tiicct  o.'  p.cs.surc  gradient  •'.xi.ally  ■ r.yr-sm'^tric 


and  its  "interaction"  with  the  transverse  curvature  effect.  It  should  be 

2 3-4 

noted  at  this  point  that  the  hypersonic  self-induced  pressure  effect 

generated  by  the  interaction  of  tfie  longitudinal  curvature  of  the  viscous 

layer  with  the  external  flow,  could  under  certain  circumstances  become 

more  important  than  the  transverse  curvature  effect  itself.  Although  this 

important  question  certainly  requires  further  investigation,  it  is  beyond 

the  scope  of  the  present  paper  except  for  certain  brief  comments, 

5 

Cheng  in  unpublished  lecture  notes  has  shown  that  in  gtrnei-^si  a 


Si.u'ution  ;o  the  boundary  bayer  problem,  in  which  the  iransv^-ise  curvature 


EOXB 


effect  13  considered,  is  not  possible  by  a single  tr ar sformation  of  the 

equations  to  a tvcO' dimensional  form  without  some  assumption  as  to  the 

inagnitude  of  the  cuivature  effect.  Clearly,  a nneasure  of  this  magnitude 

so  far  as  the  viscous  flow  is  concerned  would  be  given  by  t)ie  ratio  of 

the  transverse  geometrical  body  curvature  to  the  transverse  curvature 

of  the  VISCOUS  layer  itself.  Because  of  the  axial  symmetry  the  rate  of  ; 

change  of  curvature  with  respect  to  the  azimuthal  angle  is  zero,  so  that  j 

while  two  paranietecs  measure  the  longitudinal  curvature  effect,  only 

one  is  needed  to  characterize  the  transverse  curvatuie  effect. 

At  this  point  let  us  define  the  coordinate  system  x y,  ©)  where 

the  body  surface  is  given  by  y - constant  -O,  x is  vlie  distance  measured 

along  the  body  from  some  reference  point  wnich  ui  the  present  caper 

IS  taken  to  be  the  nose  of  ♦he  body  {x  = O),  and  0 is  the  azimuthal  angle,  j 

I 

'see  Fig.  1}.  Let  r~T{y,  y)  be  the  d.s..ancc  from,  any  pennt  'x,  y,  0)  to  j 

j 

tne  axi.s  cf  symmetry,  avid  suppose  r ~ r x)  is  the  distance  of  any 

^ O j 

poim.  on  uie  uouy  (a,  C,  C)  to  tl.^  cor.*.;  i!  e.::i  c . If  a'-  = •=  the  j 

I 

thickness  of  the  b-junuary  layer  i ? small  comnarpH  v/ith  the  longitudinal  | 

radius  of  curvature,  l/Kj  , then  at  any  point  in  the  boundary  layer 

I 

r I , y)  ~ r^.x)  -t-  y cos  c-c 

I 

j 

wiicre  C'C  is  the  angle  the  tangent  to  the  meridian  profile  males  v/ith  | 

the  axis.  Although  the  character  isfic  viscous  length  is  the  boundary  | 

layer  tine  iincss  h , ;l  i s mni-,  co'  vcnicnt  to  deal  witli  live  displacement 


I 


.4- 


thickness,  S because  it  is  capable  o[  precise  definition.  It  follows 
Ih  a t the  curvature  ratio  is  given  by 

body_  r^.  _ ^ ;>*  cosc<  _ j . A 

K.,  ~ r ' ^ r “ ' r 

2.0  o o 

vise 


Here,  --  S *coso<  is  the  projection  of  the  dispiacement  thickness  onto 

the  transverse  plane,  (see  J'^g.  2),  Thus,  so  far  as  the  present  problem 
IS  concerned,  the  sigidficant  parameter  is  the  ratio  of  the  boundary  layer 
thickness,  or  more  precisely  the  displacement  thickne.ss,  to  the  body 
radius.  Therefore,  certain  simplifications  in  the  complete  axially- 

aymrnetne  ooundary  layer  equations  of  continuity,  momentum,  and  energy 
should  lie  possible,  depending  upon  the  va'ue  of  .A  in  comparison  to 

unity. 


1.2  Description  and  Range  of  Main  Flow  Region^ 

Referring  to  Fig.  2 - in  which  a cone  in  supersonic  flow  is  chosen 
to  illustrate  the  body  of  revolution  - two  mam  asymptotic  flow  regions 
over  a gis'en  body  can  be  distinguished  primarily  upon  the  basis  of  the 


■'  See  di.se  ussions  p.  123,  Ref.  6.  p.  18  If,,  Ref.  2.  and  p,.  381,  Ref. 
7.  By  definition  tlie  displacement  thickness  in.  comp<reo3ible  flow  is  given 
by 

..r/’i 

i i ! 

S""  - j |1  • ( ^ou/  uj  j dy 

This  Statement  a.ssurnes  cos  to  be  unity  so  that  ^ b 
d condition  which  is  almost  true  for  the  slender  \>odics  winch  aj  c under 
cor.sjderatiou,  c-xceiit.  near  a Idunt  torwnrd  point. 


I 


f 


! 


t 

I 

! 


I 
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order  of  l_\  /r  . For  the  body  of  Fig.  2 the  two  main  flow  regions 
o 

are  respectively.  1,  a ' = nose"  region  distinguished  by  the  fact  that 


/\/ r 1 and  II,  a "downs 


stream"  region  where  is  "of 


the  order  or  less  than  unity".  The  application  of  the  term  asymptotic 
flow  region  to  the  range  where  /\/t^  is  of  the  order  or  less  than 
unity  might  seem  somewhat  unjustified,  since  by  accepted  definition 
one  would  require  that  /r^  , or  at  least  ' /r^)^  be  small  com- 

pared to  unity.  However,  the  region  is  referred  to  as  asympototic 
because,  as  will  be  shown,  the  asymptotic  expansion  parameter  for 
the  physical  variables,  which  is  directly  proportional  to  Z^'S/r^  , is 
in  general  small  compared  to  unity  when  is  of  the  order  or 

less  than  unity. 

The  two  regions  I,  and  11  are  separated  by  a "transition"  zone 

wheie  /^/r  is  intermediate  between  the  nose  and  downstream 
o 

region.  In  the  present  investigation  the  nose  of  the  body  is  consider- 
ed mathematically  sharp  and  the  "immediate"  nose  region  wnere 
slip,  temperature  jump  and  other  kinetic  effects  could  become  im- 
portant is  neglected.  This  would  exclude  from  consideration  a zone 
whose  extent  for  compressible  flew  in  terms  of  the  local  Reynolds 


* Here,  a pointed  nose  body  of  revolution  is  considered.  In 
the  case  of  a cylinder  with  its  generators  parallel  to  the  flow, 
(sufficiently  slender  so  that  the  effect  ente rs)  the  regions 

will  be  reversed  m their  relation  to  distance  from  the  nose  when 
comp.arcd  to  the  pointed  body. 


whei«;  here;  jVI  is  the  local 


- !> 

‘P 

number  would  be  of  the  order  of  He^  10  iVl"” 

Ivlach  number.  The  overall  flow  probienu  v^ill  then  be  treated  in  such  a 
■way  that  all  possible  information  about  the  nature  of  the  flow  regions  down 
stream  of  the  "immediate”  nose  region  is  obtained,  which  does  not  depend 
on  the  detailed  history  of  the  flo-w  in  this  regio"i,  Howcvct,  as  is  usual  in 
boundary  ]aye>-  theory  the  origin  of  the  co:r<iinate  system  will  be  taken  at 
X O,  or  the  nose  w'here  the  boundary  layer  thickness  is  supposed  to  be 


zero. 

Before  discussing  the  regions  in  more  detail,  a criterion  is  needed 
to  determine  the  extent  of  the  various  zones.  This  can  be  obtained  from 
the  following  relation  for  an  insulated  cone  of  half-angle  o<  , xr>  -up*- -conic 

A 

flow 

/A^l  _ (o  0 375  ) iQ 

LO^l  'X 

Here,  the  specific  heat  ratio  has  been  taken  equal  to  1.4,  the  subscript  "e" 


This  relation  was  obt.ained  using  the  flat  plate,  compressible  laminar 
boundary  layer  solution  for  constant  wall  temperature  and  specific  heat,  a 
linear  viscosity-temperature  relation,  and  Pr  —1,  (see  e.g.  , Ref.  2). 

^ _ Xv,ji£ 

(la)  ’ ■ 


J-C7 


« •VoJfcE  V * 

/ -751  + 0-33^  (r~i) 


Q r-o 

From  Mangier' s transformation  , division  by  j 3 gives  the  axially- symmetric 
val'ue  for  a cone  in  supersonic  flow,  valid  in  the  range  where  Z\ /r^  < 1. 

This  solution  is  examined  when  the  zone  II  is  considered,  its  use  in  this  in- 
stance is  only  to  permit  an  estimate  of  the  lateral  extent  of  the  region.s  being 


studied . 


I 

1 


refers  to  the  ir.visc  id  values  o!  tlie  physical  quantUii.‘s  downstream  of 
the  nose  shock,  and  is  a parameter  v/hich  appears  in  the  linear 
viscosity-teinper atiire  law  to  be  introduced  later.  It  must  be  emphasiz.ed 
that  the  above  relation  is  only  intended  to  give  the  orders  of  magnitude 
involved.  Thus,  it  can  be  seen  that  the  more  slender  the  cone,  the 
closer  to  the  nose,  or  the  higher  the  flight,  speed,  the  greater  will  be 
the  transverse  curvature  effect  in  compressible  flow. 

Figure  3 is  a plot  of  £2q.  1),  wit/i  /.^/r^  as  the  parameter, 

w'here  the  abscissa  is  the  Mach  n.umbet  behind  the  conical  shock,  and 

'Cf/  ^ 

the  ordinate  is  o'  J , It  is  important  at  this  point  to 

note  that  it  is  the  ordinate  pai  ameter  when  divided  by  J 3 which  turns 
out  later  to  be  the  proper  asymptotic  expansion  parameter,  (f),  for  the 
cone.  In  this  figure,  the  Reynolds  numbei  based  on  conditions 

dov/nstream  of  the  shock  and  distance  along  the  cone  surface.  The 
Reynolds  number  is  to  be  interpreted  as  denoting  the  lateral  extent  of 

K^hich  tl'*C  Irvinr-VCr^C'  tc  irr>rvr'r  + ^=>r»r'f^ 

for  the  particular  /r^  range  being  studied.  Strictly  speaking  of 
course,  the  cone  solution  should  only  be  valid  for  supersonic  flow 
with  an  attached  shock,  in  order  to  satisfy  the  condition  that  the 
pressure  gradient  be  zero,  however  the  values  are  carried  down  to 
zero  Mach  number  for  continuity  purposes. 

Figure  3 is  even  more  general  if  it  is  recognized  that  to  the 
same  order  of  approximation  it  could  he  used  to  discuss  the  cylinder 


and  considering  tan  cK. 


- - 

by  the  artince  of  dividing  the  ordinate  s'  ale  by  J 3. 
to  be  replaced  by  where  is  the  cylinder  radios  and  x the  distance 

from  the  nose.  In  this  case,  the  r4ub5cript  "e"  would  denote  the  c oi»dition.s 
in  the  undisturbed  free  stream  far  from  the  body.  With  these  substitutions 
the  ordinate  is  then  exactly  the  asymptotic  expansion  parameter,  ' f ), 
which  will  be  used  later  for  the  cyliinder. 

Wiiat  is  important  to  note  i.s  that  for  1,  the  asymptotic  ex- 

pansion  parameter  J , 'for  both  the  cone  and  cylinder),  will  have  a maxi- 
m.im  ''alee  of  around  1/4  in  supersonic  flow.  Furthermore,  its  value  will 
drop  off  rapidly  with  either  increasing  Mach  number  or  decreasing  /2s./t^. 

The  nose  region  (I)  is  char ac. te r iz.ed  by  the  fact  that  /\/r^  1. 

In  other  words,  in  this  zone  the  stress  term  arising  from  the  transverse 

curvature  becomes  of  the  same  order  of  magnitude  as  the  usual  viscous 

stress  term  in  the  momentum  equation.  An  analogous  statement  holds  true 

for  the  heat  flux  terms  in  the  energy  equation.  Obviously  the  above  con- 

dition.i  ai'j  ii.s-l  foi  only  certair.  rcr.gcc  of  Mach  and  Reynold.®  numbers.  In 

actuality  /" \ /r  — lU  is  most  probably  the  lower  limit  for  what  could  be 
o 

taken  to  be  a value  of  the  transvei  se  curvature  parameter  which  is  supposed 
to  be  large  compared  to  unity.  Therefore,  if  the  nose  region  is  considered 
to  be  represented  by  that  area  -above  the  line  /r,.,  = 10,  Lhen  it  fellow's  al- 
most immediately  that  the  actual  practical  range  in  which  this  region  has 
any  importance  may  be  rather  limited  below  a Mach  number  of  iO.  in  fact 
if  L->/r  — 10,  tl'.e  cone  lialf -angle  has  to  be  as  small  as  / t vc  n Ihoagii  the 

r\ 


Mach  number  bo  as  high  a.s  7,7  in  order  that  the  effect  extend  T.o  a Reynolds 


o 


nurnbt.“r  of  10,000,  (C  1,  t,an‘>i|(Rc  ) —1,75).  Ho'^’cver  for  Mach 

number.-?  greater  than  about  -4,  when  the  self -induced  hypersonic  viscous 

parameter  /v  = j / y f^ypersonic  viscous 

effects  can  become  important.  Using"X—  i as  a criterion  calculations 

and  Fig.  3 show  the  nose  region  to  be  affected  by  the  self-induced  pres.sure 

o 

g.radi<*rit  even  lor  cones  as  .slender  as  1 . ]<;  is  Hhely  therefore,  that 

above  ~ 4 the  hypersonic  viscous  plienomena  may  be  at  least  as 
important  as  the  transver.se  curvature  effects  for  the  region  in  which 
1.  In  any  event  a solution  for  the  .nose  region  is  useful  in 
the  sense  that  it  serves  as  the  limiting  case  with  wViich  to  Ivridge  the 
"transition"  zone.  It  could  al.so  conceivably  serve  as  an  aid  in  checking 
any  approximate  solution  intended  to  cover  the  spectrum  of  /r 

o 

9 

Recently  this  regime  ha.s  been  •'Ons idc  red  by  Stewartson  who 

examined  the  case  of  the  "infinitely"  thin  cylinder  in  the  absence  of 

pressure  gradients  in  incompressible  flow.  He  found  that  for  thi.s 

limiting  case  the  leading  term  in  the  asymptotic  expansion  of  the  axial 

velocity  c omponent  is  simply  the  mam  stream  velocity  and  tlie  np-<t 

10 

term  is  the  .same  as  that  derived  by  Oseen's  method.  Mark  working 
under  the  direction  of  Lees  has  obtairicd  "exact"  solutions  to  llie  large 
ZZ/r^^  problem  for  the  incompres-sible  flow  over  a paraboloid  of  revo- 
lution with  zero  pressure*  gradient,  utilizing  Stewar  tson' s result  that 
the  limiting  form  of  the  flow  is  of  the  Oseen  type.  Knowing  the  exact 
solution  it  IS  under.stood  that  he  has  developed  an  approximate  mornen- 
turn  integral  method  O',  solve  the  large  ^ p.'C'hlern  by  using  a 


10 


KiCrman- Pohlhaiiscn  technique  wliirh  is  jnortifsed  l.y  adding  an  app-opr iate 

15 

logarithmic  term  to  the  velocity  distribution.  Coi  per  and  Tulin  however 
11 

say  that  Pretsch  found  similar  velocity  profiles  in  treating  the  same  prob- 
lem as  that  considered  by  Stew’artson.  This  result  is  in  direct  contradic- 
tion to  the  one  found  in  Ref,  9.  Unfortunately  at  the  time  of  writing  the 
authors  have  been  unable  to  obtain  Prrt.sch's  paper  in  an  effort  tc  resolve 
the  apparent  contradiction.  So  far  as  the  present  paper  is  concerned  thi.s 
region  will  not  be  considered  further  except  insofar  as  the  boundary  layer 
equations  which  are  valid  for  it  a.  e written  down,  and  also  in.sofar  as  cer- 
tain general  solutions  arc  obtained  which  liold  for  all  values  of  For 

example,  reference  is  made  here  to  particular  integrals  of  the  energy  equa- 
tion and  to  the  "zero  pressure  gradient"  flow  over  a nearly  parabolic  body 
of  revolution  for  which  the  equations  .are  noted. 

Just  downstream  of  the  no,se  region  is  the  transition  zone  in  which 
i.s  neitho’*  large  wi+h  or'e , nor  of  the  order  of  unity.  In 

f'lg.  3,  this  zone  can  be  considered  to  be  encompassed  by  the  area  contain- 
ed between  the  curves  of  /^/r^  — 1 and  10.  Here,  in  general  analytic 
solutions  of  the  equations  of  motion  arc  difficult  t-o  obtain,  and  it  is  probable 
that  an  extension  of  an  approximate  momentum-integral  technique  to  this 
domain  would  be  required  m order  to  determine  a solution.  Of  course  if 
the  large  /r„  result  is  kruiwn,  it  may  also  be  possible  to  "link  up"  a 

solution  through  this  region. 

-A. 

In  region  ii  is  of  the  order  or  less  than  unity.  This  zone  is 

* Simila;  in  the  sense  that  the  vcl-ocity  distribution  function  is  a func - 
ti.on  of  a single  v.ariaiile  oi  ti  e form  y tim.e.s  a .fuM-_liij!‘  a w-lieie  x and  y 
are  respect; vc'y  the  dist-anccs  measured  along  and  perpendicular  to  the 

boundary.  j 


% \ 
t 1 


characterized  by  the  fact  that  the  effects  prodiiced  b''  the  transverse 
curvature  can  be  considered  to  be  essentially  a perturbation  of  a flow 
which,  in  the  limit  of  Z^/ r ^ very  much  Je.ss  than  unity,  approaches  a 
two-dimensional  pattern.  That  is.  it  is  clear  that  as  one  proceeds  down- 
stream alonji  the  cone  the  transverse  curvature  effects  must  decay. 

In  Fig.  3 this  downstream  legion  may  be  considered  as  the  area  lying 
below  the  curve  of  ZZ\/r^—~  1.  It  is  quickly  evident  from  the  curves 
that  the  "weaker"  transve -se  curvature  effects  can  extend  over  the 

major  portion  of  the  body,  (say  a cone  whose  half-angle  is  as  much  as 
o 

5 ) for  Mach  numbers  which  Cive  not  large.  Actually  this  domain  can 

be  thought  of  as  being  divided  into  throe  sub -regions  each  one  of  which 

is  simply  a limiting  case  of  the  other. 

in  the  .sub  - region  (^-  ,Fig.  2)  very  far  down  .stream  of  llie  nose, 

r y rsO  so  that  /r  tends  to  zero,  and  K?  /K-,  > 1. 

body  vise 

Here,  the  effect  of  the  axial  - symmetry  is  negligible  and  the  flow 

approaches  a two-ciimensionai  patiern.  Ii*  I..,.- u v c , ;t,  : ,c 

likely  that  this  domain  would  be  reached  before  transition  to  turbulent 

o . . 

flow  took  place.  For  example,  on  a 5 cone  at  a Mach  number  of  3, 
the  Reynolds  number  is  already  1.5  x 10^  for  ZZi/r^~  0.01. 

Somewhat  further  upstream,  in  the  sub-regicui  fZJ  , although 
/r^  is  .smal.l  compared  to  unity,  (say  O.l  or  less),  th.e  flow  can 
nevertheless  no  longer  be  considered  two-dimensiot;al  iti  ch.aracter. 

By  our  definition  then,  this  wouhi  he  the  area  lying  below  tiie  curve 
of  ZZ/~^^  ---■  0,1  111  Fig,  3.  Ilei-.2,  ti'.v  c)  re.  uiracreutir'.  i spreioiiug  oi 


tJic  visr.eu'i  lnycr  triu.sl  lie  c jnsicicred.  IK^wcvor  the  approvin', aticn  can  be 
made  in  the  boujtda'-y  layer  equation.*!  that  r x y)  r^(x),  xn  wh.ich  case  (he 
iTiomentum  and  energy  equation.s  become  two-dimensional  in  form  and  the 
continuity  equation  is  considerably  simplified.  Mangier^  has  shown  that  in 
this  case  a direct  transformation  of  the  compressible  boundary  layer  equa - 
tiv^ns  for  axially- syntmetric  flow  to  those  of  a two-dimensional  flow  is  possi- 
ble when  the  ga^s  is  perfect  with  constant  spex  ifn:  heats.  Actually  although 

this  transformation  was  not  expressed  formally  until  1945,  it  had  been  used 

12 

in  es.sence  as  far  back  as  1908  by  Boltze  in  the  treatment  of  axially- symmetric 

6 , 

laiT'.inar  flows  (for  other  examples  sec  Goldstein  ). 

Proceeding  still  further  upstream  the  sob  - region  flj  is  reached,  w'here 
the  boundary  layer  thickness  begins  to  approach  or  become  of  the  order  of 
the  body  radius,  hi.  the  .spirit  of  the  foregoing  definition  of  order  o(  magni- 
tude}, in  which  case  the  transverse  curvature  takes  on  stiU  more  importance. 
Here,  we  would  be  concerned  with  that  area  in  Fig.  3 which  lies  between  the 

curves  /r  — 0.1  and  / r 5.  One  mc.st  however  continue  to  bear 

' o o 

in  mind  that  any  treatment  valid  for  this  region  must  actually  encompass 
those  r-ono'!  downstream  of  it.  The  present  paper  then  i.s  primarily  concerned 
with  the  investigation  of  the  compressible  laminar  boundary  layer  flow  in 
such  a region  where  / r ^ i.s  less  than  or  possibly  of  the  order  of  unity. 

1.3  Review  of  Previous  Work  for  /tq  t-ess  Than  But  Not 
Necessarily  Small  Compared  to  IJitiiy 

A.s  far  as  the  present  author.s  know,  all  th-  s<:‘-called  exact  approaches 

to  (.lie  aho>*v:  r>r  oi.jIeiTi  h.ave  V/Ct-n  rc.stiicted  to  uu.umpi'e  .ssibit?  <;  y !'>  ndr  ic  al 


flo'A',  In  this  cas«,  the  body  radius  r is  a conislant,  and  r - r -f-  v, 

' o o' 

(see  Fig.  1).  The  first  solution  was  given  by  Atkinson  and  Goldstein 
(Ref.  6.  p.  304)  in  their  investigation  of  the  internal  steady  incom- 
pressible laminar  boundary  layer  near  the  entry  of  a cylindrical  pipe. 
Their  analysis  also  included  the  effect  of  a self-induced  pressure 
gradient  due  to  the  growtli  of  the  viscous  layer  in  the  pipe.  A solution 
was  obtained  by  expanding  the  stream  function  in  an  asymptotic  series 
in  ascending  powers  of  , where  the  coefficients  in  the  scries 

/ 2.  2 ' ' r-  - \ 

\v  luiictions  of  the  variable  -r  '*“0)  / ' 

\ ■■  V / 

o 

In  this  manner  the  problem  was  reduced  to  the  solution  of  a series  of 
ordinary  differential  equations,  the  first  of  whicli  was  'i.;  non-linear 
Biasius  equation,  while  the  remaining  ones  were  tlrrd  order  linear, 
inhomogenous  equations.  It  should  be  noted  at  this  point,  that  this 
technique  employed  the  idea  of  expanding  the  phy.sical  quantities  in 
fjo’wers  of  the  transverse  curvature  parameter  ZA  /i  ^ . ..  • 

w'hct’iici  i.ot  thi^  ..as  implicitly  rccogr.'ced  by  th«  + , = of 

course  not  known,  in  any  event,  it  is  clear  that  the  first  term  repre- 
sents A flow  which  is  two-dimensional  in  character,  whole  the  succeed 
ing  terms  in  the  series  characterize  the  effect  of  the  transverse  curva- 
ture as  well  as  the  self  - induced  pressure  gradient. 

13 

In  ih51,  Seban  and  Bond  simply  extended  the  preceding  analysis 
to  include  the  "incompressible"  energy  equation.  Ip  their  treatment 
the  problem  considered  was  that  of  the  exterior  steady  incompressible 


over  a cylinder  witii  constant  pressure,  that  is,  liic  sc  11  - indue  ei 


- H - 

pressure  gradient  was  taken  to  be  xero.  The  vaiiables  used  were  the  same 
as  those  introduced  by  Atkinson  and  Goldstein.  Their  calculations  showed 
that  the  transverse  curvature  effect  increased  the  local  skin  friction  co- 
efficient and  heat  transfer  rate,  and  that  this  increase  could  become  appre- 
ciable. However,  the  displacement  thickness  of  the  boundary  layer  is  only 
slightly  reduced  in  compai  ison  with  that,  of  the  flat  plate.  Furthermore,  the 
recovery  (acter  appears  to  rr.'main  unaffected  within  the  probable  numerical 
errors.  The  present  authors  will  have  mere  to  say  regarding  the  signifi- 
cance of  these  results  at  a later  point  in  the  paper. 

14 

Sowerby  and  Cooke  pertennee  the  same  analysis  of  the  mouiciiiurn 
equation  for  the  steady  incompressible  flow  over  a cylinder  as  did  Seban 
and  Bond,  in  addition,  tliey  also  treated  the  analogous  non-steady  "Rayleigh 
problem"  of  the  infinite  circular  cylinder  .started  im.pulsively  from  rest  in 
its  own  plane.  They  found  that  there  is  a regime  in  which  the  boundary 
layer  growth  is  independent  of  the  space  variable  x,  but  dependent  on  the 
time  variable  t,  so  tliat  liere  x is  replaced  by  t and  Z^/r^ 
one  would  expect  the  solution  of  this  linear  problem  turns  out  to  be  an 
a.syrnptotic  oxp.an.sion  in  powers  of  J f/*  o physical  quantities,  .such 

as  the  viscou.s  shear. 

Finally,  Cooper  and  I'uhn^^linearized  the  incompressible  boundary 
layer  equation.s  of  motion  in  the  cylindrical  polar  coordinate  system  and 
again  determined  the  solution  to  the  problem  of  the  steady  flow  over  a 
cylinder  with  no  pressure  gradient.  .In  this  case  a general  functional 
solution  wiiit.h  e .',.‘icnt/.aii V is  valid  fur  ail  values  of  could  be  given 


i5 

in  terms  of  Bessel  funrtions  of  ^ero  order.  However  only  the  asymptotic; 
solution  for  the  range  considered  in  che  present  paper  v/as  given. 

The  fact  does  not  seem  to  have  been  noted  that  t.heir  asymptotic  expansion 
was  in  powers  of  a quantity  proportional  to  the  physical  transverse  curva- 
ture parameter  / r ^ . They  also  found  a general  solution  to  the  linear  - 

ized problem  of  the  unsteady  motion  without  a pressure  gradient,  of  a 
cylinder  in  axial  flow  which  starts  from  rest  at  time  t — O Here,  only 
the  partic  ular  case  of  the  impulsive  start  was  treate  d .n  detail,  with 
analogous  results,  as  pointed  out  previously,  to  the  steady  flow  problem. 

A general  solution  for  a large  class  of  provsjre  gradients  on  a cylinder 

16 

was  also  obtained,  although  only  the  Falkner-Skan  type-  was  treated  in 
detail.  Agam,  by  means  of  an  a.symptotic  expansion  in  a quantity  pro- 
portional to  they  showed  that  the  transverse  curvature  effect 

increased  the  wall  shear  stress  for  both  favorable  and  adverse  pressure 
gradients.  In  the  range  oi  i,  j A.  1),  tl.,.y  feund  thnt 

in  wall  shear  on  the  cylinder  for  favorable  gradients  when  com- 
pared v.'ith  the  shear  on  the  flat  plate  lor  the  same  favorable  gradient, 
is  less  than  the  increase  on  the  cylinder  in  uniform  flow  wlien  compared 
with  the  flat  plate  in  uniform  flow.  The  converse  is  true  for  adverse 
gradients.  The  significance  of  iliese  ••e suits  will  be  discussed  later  m 
the  paper.  For  the  case  of  a constant  external  velocity-  gradient  over 
the  cylinder  they  showed  that  similar  pioliles  cxi.sted,  and  deriv-ed  the 


ordinary  differential  equation  defining  then-'. 


16 


1.  4 Plan  ot  the  Present  Investigrttit>n 

In  tlic  pjesent  paper  a theory  is  presentee:  oi'  the  trar:sverse  rurvaturc 
effect  on  cor? . ore ssible  laminar  boundary  layer  flow  over  bodies  of  revolu- 
tion. First,  it  is  shown  that  whenever  the  Prandti  number  is  equal  to  unity, 

in  spite  of  the  transverse  curvature  effect  the  Busemann  integral  of  the 
17 

enercy  equation  is  still  v?ilid  <(,v  an  insul.ated  s-urface  witl?  an  isoenergetic 
free  stream  regardless  of  the  pressure  gradient.  Furthermore,  it  is  also 
shown  that  the  Crocco  integral  of  the  energy  equation.^^  holds  for  the  con- 
stant surface  temperature  zero  pressure  gradient  case. 

I'Jcxt.  for  constatu  rspecif-.c  lioat  and  a perfect  gas  a generalization  of 
Mangle  r’s  transformation  is  considered,  which  also  a!le:*s  the  x,  y scale 
to  some  new  scale  x,  y in  a manner  whic'n  depends  upon  the  l>ody  shape. 

This  transformation  reduces  the  boundary  layer  equations  to  an  almost  two- 
dimensional  form.  The  additional  term  w'hich  arises  in  both  the  momentum 
and  energy  equation  is  shown  to  have  the  same  effect  a.s  an  external  favor- 
able pressure  gradient.  On  this  basis,  results  obtained  by  previous  authors 
are  interpreted  and  discussed,  while  the  results  that  mig.at  ue  expected  from 


the  p re. sent  work  arc  also  rev; c wed. 

The  assumption  of  a linear  viscosity-temperature  relationship  is  then 

19 

made,  so  that  by  means  of  Howarth’s  transformation  which  is  an  alteration 
of  the  scale  in  the  direction  normal  to  the  body  surface,  the  equations  are 


reduced  to  an  "incompressible  form".  For  .simplic:  i!.y  the  problem  is  now 
restricted  to  the  case  of  zero  pres.sure  gradient,  although  the  methods 


developed  ar>.  applicable  to  a more  general  class  of  flows.  The  validity  of 


rj^stricting  the  problem  to  constant,  prc.ssnre  Hows  is  briefly  di.scussed 
in  spite  of  the  fact  that  the  main  !..->irder.  of  this  study  is  left  for  a forth- 
coming report.  Finally,  the  partial  differentia!  equations  are  trans- 
formed to  an  X , Y // X coordinate  system,  where  here  Y is  the  stretched 
normal  coordinate.  From  tliese  equations  it  follows  directly  for  a particu- 
lar clas.s  of  bodies  :iot  too  different  from  a paraboloid  of  revolution,  that 
the  momentum  and  energy  equations  redure  to  ordinary  differential  equa- 
tions in  t.he  single  variable  ^■-'Y It  is  the  equation  obtained  in 

10 

tins  ca.se  for  incompressible  flow  which  if;  being  treated  by  Mark 

For  nrore  general  shapes  solution.^  can  be  obtained  by  expanding 
all  physical  quantities  in  asyniptotic  series  in  powers  of  a quantity  pro- 
porlional  to  Z_u*/r^  , where  the  coefficients  are  functions  only  of  the 
variable  . Thus  any  physical  quantity  G(x,  y)  can  be  written  as 

I 

(2)  G(x,  y)  i'yj  ) -h  f Gj  ( -vi  ) -f  : -y  ) -h- 

where  r < < 1,  and  where  G,,  G^,  etc.  , are  the 

zero^^  first,  second,  etc,,  order  approximations  respectively.  In 
jiart.icular  the  velo'.Mty  and  temperature  di.str ibution  functions  are  ex- 
panded in  thi.s  way,  and  the  partial  differential  equations  characterizing 
the  motion  can  be  reduced  to  a double  infinity  of  ordinary  second  order 
di  f fe  lentia)  equation.s,  \n  thi.s  cane,  the  zero*'*^*  order  solution  is  that 
due  to  Mangier,  while  the  hig.her  order  appro.ximations  repr.esent  the 

corrections  ari.sing  from  the  increased  transverse  curvaiui'e  effect 

I h 

over  that  introduced  in  the  zero'  approximation. 


Tilt;  clnss  ol' bodies  considered  in  the  present  analysis  is  of  the  form 
— ax  and  ac  , {a,  b and  n are  positive  constants).  The  cylinder 

(n  — O)  and  cone  (.n  --  1)  are  seen  to  be  special  cases  in  which  the  assumption 
of  zero  pressure  gradient  is  justified  for  all  Mach  numbers  for  the  cylinder, 
and  for  supersomc  flow  for  the  cone.  Although  the  equations  for  the  other 
body  shapes  are  given,  only  these  two  cases  have  been  solved  numerically 
to  the  point  where  the  skin  friction  and  heat  transfer  coefficient?  are  evaluated. 

. A . 

l or  both  the  cone  and  cylinder  only  the  first  carrier  or  corr;!ctiori  to 

the  Mangier  formulation  has  been  obtained,  and  then  only  for  the  case  where 
t.hc;  Prandtl  nurnhc  r has  been  taken  equal  to  unity.  Finally,  the  problem.*? 
remaining  for  future  investigation  are  outlined. 


THE OR  Y 


1 Boundary  Layer  Elquations  for  Axial  Symmetry  and  Particular 
Integrals  of  the  Energy  Equation  for  Pr  “ I 

In  the  present  work  it  is  assumed  that  the  soecific  heat  and  Prandtl 


iiiui  i ^ 1 a t ^ Lwti* 


wic  ovr^y  fo^'C.Cc^  <1  C lie  ^ • i ^ 1 1 C !» 


3 tl.  A 4 . ...... 

^ ^ . 


the  perfect  gas  law 


(3)  p pRT 

He.’-c.  p is  the  static  pres.sure,  the  mass  density,  T the  absolute 
temperature,  and  F<  the  ga.s  constant  per  gram.  As  pointed  out  previous- 
Iv,  the  'asual  assumption  of  ricgiig.ble  (ongi  tud  i n.i  i curvature  ol  the  nurridian 
jirofile,  that  is  5 and  'p~'  dK  j smaii  compai  ed  to  unity  is  still  made. 

dT' 

At  ideal  i s t.i  I. .?.[  ly  wiihi.-'i  the  usual  (.>our:d.u  i ••  layer  a /spr  oxima  ■ 

Tins  noir.l.  \vi!!  be  considered  inter  ir?  the  paper. 


tutn  s . 
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However,  the  transverse  curvature  effect  present,  in  the  axiaily- 
symmetric  flow  is  considered,  so  that  5 can  be  of  order  unity. 
Following  the  usual  order  of  magnitude  analysis,  the  axially- 


symmetric  boundary  layer  equations  become; 
equation  of  continuity, 

(■‘>  h ( = o 

momentum  equation, 


Here,  u and  v are  the  velocity  components  in  the  x and  y directions 

respectively,  and  h — c T is  the  enthalpy  of  the  gas  v/here  c is 

P P 

tne  specilic  neat  at  constant  pressure.  The  Fi  anutl  nuni'uei, 

Pr  ■—  Cp^c*-  /h  where  is  the  coefficient  of  viscosity,  and  k is 
the  coefficient  of  tiiermal  conductivity  of  the  gas.  It  is  to  be  noted 
that  the  static  pressure  across  the  boundary  layei'  's  still  found  to  be 
constant  to  our  order  of  approximation. 


1‘lierc  is  .sorr:e  question  regarding  the  generaliiy  of  the  con- 
tinuity eciuation  in  ihi.s  for how'cver,  .so  far  a.s  the  p>'*sent  pane  f 
is  concerned  it  is  justifiable  to  wnle  it  in  this  way. 


^0 


The  bound^iry  conditions  on  the  vrkn  it>  follow  from  continuity  and. 
the  requirement  of  no  slip  at  the  wall,  ‘i’he  temperature  may  satisfy  the 
condition  that  there  is  no  heat  fran.sfer  at  the  wail,  or  the  surface  tempera- 
ture may  be  specified.  Tlierefore  nl 
y — O u ~ V — O 


(7a) 


or 


11  non-inaulated  case 


'6  h - O insulated  case 
d V 


infinite  normal  Uistiince  i ren'o  the  sui  iace,  or  the  ’’edge"  of  the  tiiiunda ry 
layer  the  values  of  u and  x are  specified,  so  that  for 
y t 'i  --  u 


v7b) 


h 


Here,  the  subscript  e is  used  to  denote  the  inviscid  flow  values  so  that 
in  tiie  case  of  the  cone,  for  example,  lhi.s  would  represent  the  conditions 
on  the  downstream  side  of  the  crmicul  shuck.  Of  course,  fcix’  zero  pressure 
gradient  all  the  invirn'id  qu.snlities,  , h^.  , , etc..,,  are  constant. 

If  the  Prandtl  number  i.rl  the  gas  is  equal  to  unity,  then  a must 
ing  result  is  obtained  by  m iltipl  ying  t.he  momentum  equation  by  u and  adding 
this  product  to  fiie  encigy  ^•qu^^ioIl,  to  give 


t 


A ^ (K  H-  r / A-"'  ^ 


l-Or  a discu.ssiOJi  ih’  ih;;>  uomt  sec  n,  3B1  of  Ref,  7 as  an  example. 


4. 


A particulgtr  inteprai  ol  Oufi  ecjiiwtioti  is  j;)V'^n  immediately  by 


(«) 


ii  -f* 


\ u core.lant; 
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This  vs  of  coivrse  the  weli  known  iinsrmann  inlepral , whirh  is  valid  for 
an  isucnergetic  fi'ee  .H5.r''ar>i  and  ho  insuinted  purface,  regardless  of  the 
pressure  gradient.  U,  says  iha!  U:''-  etn;rgy  per  unit  mass  in  the  boundary 
layer  is  a constant,  sr>d  tiierelo’ e,  jjI  lea  st  in.  the  case  of  Pr  —1.  the 
transverse  curvature  effeils  ^{•a','c  rs-is.cverv  temperature  unchanged. 
'I'his  conclusion  is  true  for  all  values  u!  /r  . and  its  significance 

can  be.at  be  illustrated  by  noting  that  ihe  recovery  te.mpe  rature  on  an 
insulated  needle,  ior  Pr  ~ wili  be  the  .i.airie  as  on  any  insulated  two- 
dimensional  airfoil. 

In  the  vase  of  zero  pee;. .sure  gradient,  it  is  further  found  that 
h --  A -t  B u • l/^  u'^' 

is  a particular  integral  of  the*  boisadfuy  layer  rnomentiirn  and  energy 
ecjuationu.  I.C  tl.e  bou.’idcry  i-ondiiions  uf  constant  .surfaim  and  free 
Strearn  temperature  are  ao)iIi--.d  I.-o  tlu  evai>iatiOri  cf  the  con.stants  .A 
and  B,  then  the  .above,  rcbation  <..sn  be  written  a;;, 


(9) 


T' 


I 


i!~j  r'd“ ) 


T 
*•  \¥. 


J 


I- 

\ 1 1 


z 


This  integral  is  th.c  well  kriotvo 
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!t  it  .'■'if  fouiiu  by  Croc  CO  in  connec- 


tion witii  the  flow  over  a pbite  with  r wnsf;uu  surface  temneratUie. 

Tlie  ' e to  r- V , for  P-  .t;  imi..  (hid  o.n  .Aii  a;ci  al  i y • sy  irunet  r ’ c 

bodv  tor  aliiC-.^/r  the  i r * t-k  v u ^ r.-  -vViii  not  alter  the 

* M 


form  of  fh.e  temperature  distribution  through  tine  boundary  layer  from  that 
of  a fiat  plate,  hi  other  words  the  signilicanec  of  tliis  result  can  be  summar- 
ized by  noting  that,  at  least  for  Pr  tz.  1,  the  Reynolds  analogy  parameter 
which  is  proportional  to  the  ratio  of  the  surface  heat  transfer  to  the  skin 
friction,  will  be  the  same  on  a needle  as  on  a fiat  plate. 


2.2.  Reduction  of  Equations  to  Almost  Two  Dimensional  Form  and 
Physical  Interpretation  of  Transverse  Curvature  Tertn.s 

If  <:.<  1,  then  the  transverse  curvature  terms,  /"  ^ 

' o ’ ' -f  a u 0 ‘ 


, can  be  neglected  in  both  the  momentum  and  eriCTgy  equa- 


3^  3^ 

lions,  so  that  they  then  assume  the  two-dimonsiona.1  form.  This  i.s  tanta- 
mount to  replacing  r(x,  y)  by  r^fx),  which,  if  carried  out  in  the  continuity 
equation  reduces  it  to 


« ! P 


I 


/ p 1/- 


o 


With  the  comoressiblc  axiallv-symmet.ric  boundary  layer  equations  in  the 

8 

above  torm,  iVIangler  was  able  to  transform  them  to  those  of  a two- 
dimensional  flow.  He  accomplished  this  by  a change  of  independent  varia- 
bles governed  by  tlie  relations 


I d X 


/ e.  i 1. 


•c 


•r 


where  L.-  is  a ch-aractei  i stic  fixed  reference  length.  A suitable  redefinition 
of  the  dependent  variables  was  also  reejui red;  the  reader  is  leterred  to 
iViangler’s  original  papers. 

In  the  pie.sent  analysis,  because  r ^ may  approach  the  order  of 

unity,  i!  is  not  p.-.isiblc  to  ic|%lace  i'(x,  yi  by  r^jixi.  amJ  heme  co  rediicc 


the  axially -fsymrneirtc  hoiindflry  layer  equations  to  a two -di-nensional 


•'o.r;n  by  Mangle r ' .s  transformation.  However,  by  a simple  generalisa- 
tion of  this  transformation,  the  equations  can  be  put  into  a nearly-two- 
di rciensional  form. 

T/ic  tr Hnsfo rinaf icn  of  inde pendent  variables  from  x y to  x,  y 
is  made  by  means  of  the  relations 


(10) 


fj/y.. 


olu  =. 


Here,  it  can  be  seen  tliat  the  x-coordinatc  transforn-ation  is  the  .same  as 
that  given  by  Mangier  but  in  the  change  of  the  independent  variable  y, 
r^’x)  is  replaced  by  r(x,  y).  A geometrical  interpretation  of  the  normal 
coordinate  transformation  follows  fro  n the  fact  that 


r(x,  y)  dy 


os  cX  dy 


cose/ 

r:  (transverse  viscous  area)  seecK 
In  other  words,  the  coordinate  y is  proportional  to  the  boundary  layer 
area  in  the  transverse  plane,  (sec  Fig.  1),  projected  onto  a plane  normal 
to  the  body  surface.  On  the  other  hand 


r dx 
o 


so  that  the  coordinate  x is  proportional  to  the  volume  swept  out  by  the 
hi-ry.  Now,  the  transver.sc  curvature  effects  are  associated  with  the 
c i r f:  umf  e re  n ti  al  spreading  t'f  the  viscous  layer.  Therefore,  the  rate  at 


s 


- <-*4  - 


whU;i).  ti'ie  body  r;  chan'TC.s  with  iensjr.h  will  bt:  the  axially- 

syrnnictric  pe.'omc  tricsi  tactcr  ri-ote  rmining  tht?  <.,}!a  racier  is  tics  of  Ihe 
boundary  layer.  It  is  clear  that  the  x coordinate  which  is  the  distorteci 
distance  along  the  surface,  essentially  characterizes  the  overall  geometry 
of  the  body  while  the  y coordinate  involves  the  resultant  transverse 
viscous  curvature  effect.  Therefore,  it  iS  not  surprising  that  in  attempt- 
ing to  reduce  the  equations  to  a near  two-dimensional  form,  the  x trans 
formation  should  be  the  same  as  given  by  Mangier,  On  the  other  hand 
Mangier  replaced  every  point  in  the  boundary  layer  by  the  corresponding 
surface  point.  rhorel'ore,  the  "corresponding"  projectf'd  viscous  area  in 
Mangier' 5 i a.se  would  be  only  a first  approxioiation  to  the  "jiroper"  value 


given  above. 


(iJ) 


Using  Eqs,  10)  the  following  transformation  formulae  are  obtained, 


L"'  o>r 


1.  . -y  3 

“ L 

is  , 

re  U is  ner-pssarv  to  evaluate  . As  indicated  in  Section  1.1 
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If  a new  velocity  v is  defined  by, 


(13) 


V = V ^ ^ ^ 


r t 

then  from  Eqs.  (11)  and  (12)  the  boundary  layer  equations  [Eqs,  ,4)  - {6)J 
become. 

equation  of  continuity, 


14) 


^ I 


yf”^) 


-i- 


a 


d u V 


V 


monnentum  equation. 


15)  ' 


4 (/  5 3 , 


t ^ = 


iU  \ (f.  > ^ / 


energy  equation, 


(16) 
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V 5^  l/  3 J 


Q.V  ' ^ ,’■ 
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roinpressibie  flow  in  tb.e  x , y plane  svlth  velocity  components  u and 
V respectively.  The  left  hand  side.s  of  both  the  momentum  and  energy 
equation.?  are  also  two-dimensional  in  form.  Therefore,  the  non-two- 
dirnensional  terms  on  the  right  hand  side  of  the  momentum  and  energy 
equations  must  carry  the  burden  of  the  increased  transverse  curvature 
effeci  Over  that  wbi<’h  is  obtained  using  the  Mangier  formu'iarion.  h'or 
simplicity  we  will  cemsider  only  the  additional  -sh.ear  torrn  in  the. 
n iOfv.c ntum  equation  ir;  ma.king  a qual; lati vc  exa mins tioi;  of  ti'.e  c h .anj-,*;-. s 


- /()  - 


th 


wrought  by  tlu'^e  icrnis,  siru'.i;  ^nAloooiis  cuni' lusions  will  hold  I'or  tlie 
added  heat.  fluK  arifi  <li  s.sipation  terms  Jn  ttie  rnergy  crquation. 

lo  the  present,  paper^  we  arc  concerned  with  the  case  where  in  z;c*ro‘ 
approximation  the  eftect  of  the  added  shear  term  can  be  neglected,  so  that 
any  changes  which  arise  can  he  considered  essentially  perturbations  in 
on  the  Ivtangler  flow.  In  t.his  case,  as  will  be  shown,  the  added 
shear  ter;-'-'  behaves  !il;e  a.  pressure  gradient  in  tv.(i-f!imen.sionai  flow.  For 
the  time  being,  without  going  very  deeply  into  the  underlying  reasons,  thi.s 
result  can  b’’  ,>cer,  ru  ■,  ty  Lri.ruu.u ii  i.w:.;  analogies. 

Till'  lir.st  analogue  ns  Hie  so-called  "weak  interaction"  .se ) f - indurerl 


pres.sure  gradient  which  is  generated  in  hypersonic  flow,  .as  the  result  of 
the  interaction  of  the  longitudinal  curvature  of  the  vi.scous  layer  with  the 
external  flow.  In  this  case  the  effects  produced  by  the  self-induced  pressure 
gradient  are  essentially  perturbations  superposed  on  an  already  existing  uni- 
form flow.  Jn  the  present  problem  there  is  an  analogous  "interaction"  of 
the  circumferential  growth  of  the  viscous  layer,  not  with  any  external  flow, 
but  rather  with  the  shear  pattern  obtained  by  considering  the  effect  of  the 
rate  of  rlianj-'c  of  . nrumie  reni'c  to  be  .small,  or  even  absent.  Thus,  it  is 
a phenc.imcnon  perturbed  with  respect  to  the  transverse  curvature,  , 

making  it  a purely  ' axial"  effect.  The  second  analogue  stena.s  from  com- 
parisons of  the  additional  shear  term  to  the  modified  effectivt.-  prcs.sure 
gradient  term  which  arlsc.s  as  a lesult  of  tr3n<iforrning  the  normal  coordi- 

n. ate  in.  a planar  c ornpi' c.ssihlc  How'  by  means  ol  Howarth's  relation,  in 

o. ’'der  to  reduc.c  the  eiiuatiom.  Lri  an  < neoinpre .s :•> ibJ c form,  (set.  Kei.  r,  pp, 

4 hi-.  4th), 
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Accepting  that  the  added  shear  term  can  be  conaidered  to  manifest 
itself  as  a pressure  gradient,  then  the  results  obtained  tiy  previous  authors 
become  clear.  Now,  it  must  be  emphasized  tiiat  \t  is  not  at  all  neces- 
sary to  utilize  this  pressure  gradient  analogy  to  show  the  diiection  of 
such  general  quantities  as  the  sKin  friction.  This  could  follow  directly 
and  perhaps  even  more  simply  fron".  considerations  of  the  three -dirnen- 
•sional  nature  of  the  problem,  such  as  the  retarding  force  per  unit  area 
when  compared  with  that  of  a fiat  plate.  However,  it  is  u.sed  because  it 
does  .show'  up  dearly  not  only  the  direction  but  also  the  fornri  of  many  of 
the  results,  at  least  in  tlic*  region  wdiere  l^/r^  i.s  ies.s  than  unity.  For 

exampie,  in  the  original  work  on  entry  flow  in  a cylinder  by  .Atkinson 

6 

and  Goldstein,  it  explains  why  the  seif -induced  longitudinal  pressure 

gradient  appears  in  the  e-quations  in  exactly  iiie  same  manner  as  the 

* 13 

transverse  curvature  effect.  In  the  work  of  Seban  and  Bond  on  the 

incompressible  flow  over  a cylinder,  it  answcio  the  v-.al’ 

stiould  1.,.. ..  c c. c c . t-'illow.s  from  the  fact  that  since  the  transverse 

cuwciture  term  is  always  positive,  then  it  behaves  like  a favorable 

pres.sure  g i adient  w liic li  would  tend  to  increase  the  skin  friction  co- 

efficient-.  A favorable  gradient  w'ill  ahsc-  increase  the  heat  transfer 
21-  2d,  2'3 

coefficient  , but  as  is  well  known  from  planar  caiculation.s 


’•■This  same  property  shows  up  frovn  work  by  thi;  present 
author on  the  scif-i.nduced  pressure  g.radient  generated  in  the 
I'.vper.sonic  viscous  tiov  over  a cone. 


- ?.8  - 
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the  chanp,fc  ui  recovery  factcjr  is  small  . As  oi'ic  mighi  expect  these 


same  results  were  obtained  by  Scban  and  Bond  iri  their  calculations.  The 


snnallness  ot  the  tiunierical  change  in  recovery  factor  sugge.sts  that  actually 


the  change  might  be  due  to  additive  nuinerical  errors,  whereas  mathe- 


rnatii.ally  the  change  i.s  in  fact  'zeio.  This  was  .sh.own  by  Probstein  and  Less 


for  the  pressure  gradient  generated  hy  the  hyjicrsonic  induced  effect  over 


a flat  plate  in  the  weak  - inte  raction  region.  Finally,  the  fact  that  they 


found  the  boundary  layer  (iisplacemcnt  thickness  to  be  only  slightly  reduced 


in  comparison  w 


itb  the  flat  olate  value  is  a re.sult  v/hich  is  also  to  be  ex- 


pected. Thi.s  implies  that  rno.st  of  the  ch.anges  in  velocity  must  theiefore 


occur  relati  ely  clo.se  to  the  cylinder. 


Turning  to  the  work  of  Cooper  and  Tulin  it  now  i.s  clear  why  they 


found  that  the  inc:rease  in  wall  shear  on  the  cylinder  for  favorable  gradients, 


when  compared  with  the  shear  on  the  flat  plate  for  the  same  favorable 


gradienc,  is  fes.s  fiici.u  ini-iea.r)!-  cin  tlie  cyliiuici  iii  liniform  llov,’  when 


compared  with  the  flat  plate  in  uniform  flow.  The  converse  is  true  for 


adverse  gradients.  In  other  words,  what  their  results  say,  (see  Fig.  4, 


A / 

Ret.  1!3),  is  that  for  a given  value  of  /. — i' 


I Tcyl.  la’',  grnd.  p same  .adv.  grad.'i  ^ 

' Ccyl.  adv.  grad,  I f-p  same  fav.  gxad.  / 


But,  the  wall  shear  for  planar  flow  with,  an  adverse  gradient  i.s  icss  th.an 


the  w.all  .‘•..hear  with  .-i  f.a’.u.ir urjlc  g.radicnt.  Since  the  product,  shown  above 


liiust  be  crealcr  i.har,  unity,  it  loilow.s  tlcif.  at  a inven  value  of  l 


v-all  On  tr.-c  f yiindcr  in  a favororhe  .e.i'.idient  is  greaic;-  than  the 


cus  w -c.-: 


- - 

wall  shear  for  a cylinder  in  an  adverse  gradient.  Certainly,  this  re- 
sult i.s  obvious  although  it  was  not  explicitly  pointed  out  in  Ref.  15; 

add  when  the  gradient  is 


i L 


4 ' ^ ^ 


X-hat  is  -dp  and 
dx 

favorable  aiid  sulitract  when  the  gradient  ts  adverse.  This  interesting 


problem  o^'  (he  "interaction”  of  the  pressure  gradient  term  with  the 
trails  'Crse  curvature  .shear  term  v/hich  manifests  itself  like  a favor- 
able pressure  gradient,  is  reserved  for  a forthcoming  pajier. 

Additional  conclu.sions  v;hi^h  can  be  drawn  about  the  present  work  once 
it  i -S  recognized  that  the  added  shear  terin  behaves  like  -a  pressure 
gradient,  will  be  res'-rved  until  the  equations  ai'C  obtained  in  the  form 
in  w'hich  they  will  be  solved. 


2,  3 The  IncomprcHsible  Plane  and  Similarity  Considerations 
The  boundary  layer  equations  nov^  being  in  a nearly-two- 
d i n ic- n s i ona  1 fo'Tc,  supgect  first  .a  tr.an afor.mation  from  the  com- 
pressible to  an  incompressible  form.  However  before  attempting 
to  do  this  two  assumptions  .are  made;  the.  first  is  that  the  viscosity 
varies  linearly  with  the  temperature,  while  the  second  one  is  that 


the  pre.ssuie  gradient  is  taken  to  be  zero. 

d 5 

i-ollov.’ing  Chapman  a parameter  C^^  is  iniroduci 


juch  that 


A 

/-- 


Siiice  the  Prandli  nuinbcr  ^md  speeifi'.  boat  are  ..onstant,  the  heat 
c one  i:  ' i ' c>n  ntnt.  v.-iries  in  the  Sana  niancei’  . the-  c cv*  fl  ic  OTit 


•V>)  - 


)f  viscosity  that  is 


>e 


/ 


The  constant  can  be  determined  by  matching  tlie  viscosity  relation 

Z(> 

with  the  theoretically  determined  value  ^e,o.  Hi  r schfelde r et  al  ) at 


the  wail  temperature,  so  that 


r 


l r"  ^ 


f \ 


When  a se-m; -eiripi  rical  relation  sucli  as  Sutherland's  equation  is 
employed,  then 


/ 


and 


r 


''  e ) 


V --J 


T 


Otic  tindc  that  O Cl  1 . out 


by  Chapman  and  Rubesin  the  above  relation  retains  the  advantages  of 
the  linear  form  while  allowing  for  greater  accuracy  in  tlie  impoitant 
region  of  the  boundary  layer  flow  near  the  surface  rather  than  near  the 


tree  stream, 


idea  iistic  a 1 y of  coiirsc  the  condition  of  <cero  pressure  gradient 


so  that  p m constant  ~ p 


e 


only  realized  in  tv.'O  cases;  a tylmdei 


sviiii  its  geneiators  parallel  *•>  -he  flow,  and  an  unyav/cil  ccine  in  super- 
sonic flow.  In  tiie  c;a.se  of  -yiiodcr,  there  i ■ ins  idc.  ra’ol  o c' on  > I’.l  ic  a - 


tier  rtcar  tf.e  Th-'O  * c- tic  a!  ly  however,  one  can  visun'r-'.o  a case' 

in  v.-liicTi  surtmr;  thrc.ai>;h  the  interi^ir  of  rhe  -yllndcr  n^akes  the 


-f  \ ~ 

siagnati-  n stream  sart'accs  coincide  with  the  cylinder  surface.  This  is 
supposed  pos^'ibie  even  in  supersonic  f'lov^  when  there  is  a detached 
shock  wave  in  front  of  the  cylinder.  The  boundary  layer  is  then  supposed 
to  have  zero  thickness  at  x — o.  Of  course,  as  pointed  out  in  the  in- 
troduction, the  overall  flow  problerr>  is  to  be  treated  in  such  a way 
that  al  possible  i-ifor n-.ation  about  the  rature  of  the  •’low  downstream 
of  the  "immediate''  nose  region,  i.s  obtained,  which  doe.s  not  depend  on 
the  detailed  history  of  the  flow  in  thi.s  region. 

It  is  well  known  for  a cone  in  supe  sonic  flow  with  an  attached 
shock  wave,  that  the  values  of  all  physical  quantitic.s  are  constant 
along  t.he  cone  sun.^’acc.  As  has  already  been  pointed  out  hov.'ever. 
other  effects  might  arise  fromi  the  propagation  of  the  immediate  nose 
iniluence  downstream,  or  possibly  from  a self-induced  pressure 
gradient.  These  and  other  phenomena  which  have  not  already  been 
•w  on  s I.  G I e M »i*  iio*,  i.aKCt'i  i I',  lo  acciiufiv  ttuu  cols  mu.st  oo  bor.i,.  ...  uiii.o, 
when  comparing  the  results  of  the  present  investigation  with  experi- 
mental data, 

Foi  ail  other  body  shapes  and  flow  conditions,  the  pressure 
gradient  is  not  zero.  Actually  however  for  certain  body  shapes 
and  flight  speeds  r.he  contribution  of  the  p.^essurc  gradierit  might  be 
o;  a order  th.in  the  transvf'iso  curvature  effect.  Th.eretore 

ou.  *■  file  liody  shape  is  knov/n  it  inay  be  possible  t''  dete  mine  the 
ordtrf  the  p ri.  .s.s’.i  re  gradient  in  comparison  witi;  ciie  order  of 

■ . 1 Iv  :nve  ,i'i,?ati.:,-  '>f  tin-,-  ]->r;)V)l;- v.ull  :-,y>  ‘ ur  reserved 

< ,r  .j  iei-chv  o,v-,irin  p;.  pc  r . 
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In  order  to  transiorm  the  modified  lionndary  l.?iyer  ermalions 

tr  ansf*  rma  - 

tion"^  is  used,  ft  is  defined  by  the  change  of  independent  variables 
X,  y to  X Y where 


j Eqs.  'i4)-'16)J  to  an  incomprer sibie  forni  Howarth's 


{ 1 a ) 


V 

I 


SO  that 


(17b) 


<y 


ty 

Tf 


^ Y 


As  it  turns  out,  it  more  converdent  to  nse  the  sirearn  funetion 
py'  as  the  dept  ndent  variable.  It  is  defined  fr®rri  the  equation  of  con- 
tinuity fEq.  '4)J  wiiich  is  satisfied  immediately  by  writing 


/ 4 ^ 

•,  iO  / 


A Z± 

A A 


A -/■  V = - ^ 


Since  the  present  paper  is  concerned  w-ith  a two-dimensional  analogue, 
it  is  .more  appropriate  to  let 

^'1- 

By  rriec-ns  of  Eqs.  17)  and  (i8)  tfie  transformation  of  the  boundary 
layer  .-T.oincnt.iiri  and  energy  equations  tc  tiic  al nios I two -di rr;c r. s lonal 
incon-'.firc  ssiblo  x-Y  plani.'  gi'.  es  i'jr  thf  momentum  equ.ation, 


(19) 


dx  5Y 


^ r>ji: 

'JTi-  t;  / ^ 


c -y.  'y. 

e <- 


•v  L C v„  C/J'j 


5^1  Ly  \l^U) 


^riorjp 


and  for  the  energy  (Equation 


t±'  _ r 5 Jir  ) 

bY  ix  d-:?  SY  Y'r  if’-  3 r' 


^ \ •'• 


3 Y'^  / 


~ i ,4-^  1(2 jy)  ^ "YF/jle  ^rl 
e^briofJr  j ^ ^ I r- 


— le:^fr{ifJr'^'j 


11  ingworth  har.  (‘xaanned  the  nrcjblem  ol  the  conaitions  under 
which  similar  ve  ioc;  ity  and  tenipc  ratu  re  distributions  for  different 
values  of  x can  bo  louad  compressible  planar  ilow.  He  concluded 
that  such  solutions  only  exist  if  the  (ixtcrr.al  velocity  is  constant,  and 
then  as  in  incompressible  How  the  sirnilariiy  variable  is  ol  the  form 
y/  ,/”jr'.  Since  to  the  approximation  of  Mtingler  the  axial ly  - symmetric 
compressible  boundary  layer  equations  can  be  put  into  a two-dimensional 
form,  then  it  would  appear  logical  to  seek  solutions  in  a variable  pro- 
portional to  y/  Jx  . 1 nat  is,  ttie  iviangiec  result  woulu  pi  ^-;ViOC_  01*0 

th 

so-called  zero  order  solutiou  for  the  present  Hnalysis.  However, 
even  to  the  < ppr  iximation  ol  Mangier,  although  the  velocity  and  teiripera- 


curc.  distriuucions  are  derivable  t rom  ordinary  differential  equ.'itior.s, 
these  distributions  arc  not  similar  in  the  strict  sense.  t would 
nc  ve  r the  le  .‘i  s aU,o  he  interesting  to  determine  under  what  couditions 
if  any.  'mscudosirnil.i  r"  )jrc>filiis  might  be  obtained  without  any 
a DoriiXirnations  in  the  tmundary  layer  equations  other  '^h.Tn  tho.-ie  :i!- 
rcaily  :iuid«:.  ii  a sirnilaritv  variable  f)  i deto'UU'  ,s 

' ' I 


> .A)  I I.'  - 
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(.:ia) 


=- 

' / 

/ 
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me  i>  v*ic. 


(Zlb) 


r m i'i  t i o n 

co^uations  arc 

fZ\ 

- P-) 

I ~2  — ^ 

V 3>:/y 

I ix:  }y 

Z- 

_ 

h i 

3>^ 


\ / 2.  ^ 

/ o-ri 

^ / 


FrcjTi  tii€  above  re  Lotions  the  niomcntum  and  enerp,y  equations 
r 

[Eqs.  (19)  and  (20)j  horome  re  spec:  tivcl  y. 


(2  2)  'ey  7^'ic  dVj  liX.  Ity" 


/ 1 — \ ^ / N /z-  ^ 

-L-  /iiil  \ J-i", 

3 X ( ;•  y " j y X / o>  y ' 


X ( ^ 


and 


(23) 


'i)y  9 X 


d'y)  2x 
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I 

(■'v- 


3/. 


.-.V>  ■<€  \ ^ \ ' ■'  / ^_  ) 


c'ri 


X y 


T , 1 / -^  e '\  y'aZ'X^l  T j 

-‘^1  1-/;—-=)/—)  I - ^ 

'7L»')  J ' 7|  ^ * ■=  -/ 1'"  '/  / j 
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With  the  equations  in  this  form  we  may  now  inquire  as  to  the  con- 
dition for  the  existence  of  "sinular"  profiles  or  more  correctly 
the  requirement  for  the  reduction  of  these  partial  diiterentiai  equa- 
tions to  o dinary  diilerential  equations. 

In  genera!  one  can  write, 


(24a) 


f 


■VC  li  I .I  Tt, 


r 

T 


( X 


3 nd 


- • 


» \ 
= A / , yj  ) 


Howe  v«'  r if  it  i ti  <\S  vii?->eci  that  s.'ty,  f and  A are  functions  of  ">0 
alone,  then  on  subs li tutioi.  of  the  above  xelati-’ns  both  ttie  rnorrientum 
and  encroy  equations  s!n.>u!d  involve  only  the  independent  ■/ariable  . 
If  this  is  done,  the  left  hand  sides  C'!  both  Eos.  Ic.)  and  (23)  are  ’n  fact 
found  to  be  dependent  only  upon  T/  , but  the  liehL  hand  sides  involve  a 

f 

fuin:tion  oi  rnultiphed  by  a function  of  x Tlierefore  for  pseudo- 
si'Tiiiariiy  to  exist  ti'C  botlv  :r.us;  have  a shape  such  that  this  function 


of  X,  given  by 


j ^ C/0'"'i  <yi,  vj  ^ 


is  3 constant.  Sin’oe-  r i.r- 'A  ^ dr^.^  , then  the  rrtterion  lor  the  body 


shape  ijj  the  toUowing  ordinary  integro-dii’ferential  equation  in  r,^. 

p r 

j ' 

^ J J 


it  la  ljmUci  atv..wu  titett  vU«.  v.  ijiuowio**  vv4ik\.»i 


, 10  , 


ordinary  differential  equation  tor  the  velocity  d i .str ibu tion  in  incom- 


pres.sible  flow  which  re.sults  when  the  above  relation  is  identically 


satisfied.  Mere,  no  a pproxinuitions  regavdinp,  the  order  of 


A/r 


have  been  made,  so  that  the  ordinary  differential  equati.in.s  wiiieh 
rr.sult  are  valid  for  both  tijf,-  aose  and  down  sir  cam  regions.  The  re- 
lation de.'C  i Miiiig  i.inr  iiody  .hape  is  non- line^ar  and  no  integral  of  :1. 


■'■h.c  2i>.'  v/'th  ■—  r-ivl  f ~ '£ 


es'i. 
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has  tjecn  i’ourd.  If  liowevt.-f 
so  ttiar.  cx  — / — I 

tlien  tlie  c qi.i a Lioo  becomes 


the  bc-dy  \s  assiimeri  s ul  f ! e le  r;Lly  slersde.- 
and  higher  order  ternis  can  be  ne  g Icr  led, 


I i *1- 

j "''^0  — constant 

Tb.is  can  be  integrated  : nimediately  !■>  give  — consta.nt  J x.  To  the 

order  of  appr  oxi  rnation  being  fonside  red,  this  is  the  equation  of  a 

paraboloid.  Thi.s  .same-  result  can  be  obtained  by  assuming  at  the  outset 

that  ttie  boundai  y layer  equations  can  be  written  in  the  cyiindriral  polar 

lorrn  used  in  .analyzing  the  llow  over  a eylitider. 

Rcluvrnnpj  to  the  general  ease,  f and  Aari'  lunetions  of  the  two 

variables  x and  "0  noted  already  in  preat  detail,  in  the  present 

I 

paper  we  are  concerned  (iruiiarily  with  tiie  downstream  region  where 

A. 


^ is  Ic.ss  than  oir  po.ssibly  of  tlie  order  of  unity.  Logicalle  there- 
fore, in  order  to  soUc  lhe.se  non-hnear  partial  differential  equations  in 

sucli  a region  both  f and  A i.ould  be  expanded  m a.symptotic  .series  in 

’*  A , 

pow'crs  of  a parameter  y j/Iq  . wln.i,.  th^  c c e ffic  ’ r ".t 

functions  of  alone  and  ^ is  small  in  ••ompari.son  to  unity,  see  F3q. 

(d)  ).  The  natural  ctiurdinate  system  for  these  equations  would  there- 
fore  be  h and  . In  the  Mangier  ri.*gion,  which  is  alter  all  a part  of 
the  downstrean'i  region,  one  finds  that  irie  boundary  layer  thickn£.ss  on 
'oodles  of  revolution  under  zero  pre.s.sure  gradii  ril  i.s  given  by, 


■■■'As  nid.ed  in  a fo.’tnote  in  Sort,  1 !,  the  apprcximation  is  excellent 
ior  tiu;  ri^gions  being  con.sitic  re<l. 


37 


^J-j  otx. 


Therefore  a parameter 


f Co^  o( 


is  rhoserij  which  wlien  proper] y non-dimensionalized  is  gi\'en  by 


■L  C/On  cif.  >c 


~ A 

By  making  a final  transformation  of  coordinates  from  x , to  f 
the  [Tiomcntum  and  eni'rgy  equations  become  respectively, 


f26)  .(5  3-^dy^  dy^  " 


~~  - / -L  r /i.  L ^ A . 

= i:l  iz  I >‘^vi 

i fj  - \'y/j  j 


9V  \" 


where 


i 


— ~ 1 Y cItc 


0-<')l  ZJ  ‘ 


it  roust  be  emphasized  that  within  the  boundary  layer  approximations 

these  euu.itions  are  valid  for  all  values  of  /r 
' o 

Ot  interest  is  the  fact  that  v^hen  ^ rn  constant  the  itn- 
ruical’.oni  ff'Cro  '^iti'er  the  -isyi  opto  lie  t v j„-i  n ^ ions  or  the  loreromp 


equations  is  {.hat  f and  A are  functions  of  ny  alone.  But  J‘  “-constant 
is  just  the  integ I'o -diffe  rentia!  equation  describing  tlie  '’near  paraboloid" 
which  was  found  previou.sly  a.s  t'le  criterion  for  the  reduction  to  ordinary 
differential  equation.s.  In  other  words,  when  the  hioundary  layer  thick- 
ness goes  like  the  body  radius  similarity  in  its  restricted  meaning  is 
pos sibie . 


2.  4 Summary  of  Mathematical  Development 

.A.t  this  point,  it  seems  suitable  to  .sum  up  the  transformations  and 
assumptions  that  have  been  made.  Thus  for  a perlect  gas  with  efinstant 
specific  heat  and  Prandli  number,  under  the  assumptions  of  a linear 
viscosity-teniporature  iavv  and  zero  prcs;sure  gradient,  a transforma- 
tion of  coordinates  has  been  made  from  x,  y to  ^ , yy  where 

n (■  f , /'Va 

t,\)  ^ /SA  ’ti-- 

' ' V/  ^ *9 


/C^Ve 


I 'o. 


V A 


The  transfer niation  ecuatioris  arc  oiven  bv 


a 

ax 


d'X  ^ f 


T- 


'?'V1 


oix  '^yj 


ind 


^4 
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I " 


/C'A 
/■ 


o 


£2/1 


where  in  th' s case  it  i.s  not  necos.sary  to  evaluate 

A.  stream  function  tp  v/hich  satisfies  the  e<)u-ation  of  continuity 
ideniu.a  i I , 1 1,  ti.-  iinca  bv 
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fi- 

r * 5 


Writing 


'4'^  = 7CV,u, 


3 f [t,-,) 


^ ^ V = - 


The  static  temperature  ratio  which  is  also  a function  of  ^ and  yj  is 


wi  itten 


A ) 


The  partial  difft  r'.ntia!  equations  defining  f(  J , ''J  ) and  A ( _ . ) 

valid  for  ail  values  of  within  the  boundary  layer  approxitriations 

are  gi  'on  by  Eqs.  (^6)  and  (?.7). 


■'  ■ SOLUTION  OF  EQUATIONS 

3.1  Asymptotic  Expansions,  Boundary  Conditions,  and  Z.ero^^‘ 
Order  Equations 

As  noted  nreviousiv,  f and  A are  to  be  expanded  in  asymptotic 
series  in  powers  of  the  parameter  ^ . \vh'"*e  the  coefficients  are 
functions  of  'yj  alone,  thj^t  is 

OO 

;^9a)  'f(r,  '>y  ) " hA'^l)  ” ^ V' 


(Z9b)  X i j 


!iert..  the  < 


2 

r 

) / t i ■ 

. r c 
<} 

••liiy  ->r\l  t';-.- 

t >•  rv'i  t5  . ’ t.;r.  '.V-i 

IS  '-rt  o-iU!.*.  i- 
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^ is  assunried  to  be  small  in  comparison  to  unity.  It  will  be  seen,  that 

tiie  coefficients  f and  A for  j ^ I,  will  be  func  tions  of  Tt  alone 
J J < 

only  so  Ion?';  as  the  body  shapes  which  are  considered  fall  into  certain 
prescribed  classes.  It  is  of  course  these  prescribed  shapes  with  which 
the  present  paper  is  concerned. 

The  ‘ooundary  conditions  fcilov/  frorc  Eqs.  [^a.)  and  ’7b)  as 


(30: 


and 


(30b) 


f,(0)  = f (O)  = o 

J 1 


:or 


( (oO)  = l 

o' 


o)  = > 


Aj  (O)  = c 


A 'rxCl  e:  I 


f^{00)=:0  for 


j > O 
J ^ 1 


A,'0}  " O J ^ I non -insulated 

boundary 

j^O  insulated  boundary 


Aj(^')  — O for  j 1 botti  cases 


Substituting  the  asymptotic  expansions  into  Eqs,  (26)  and  (27)  and 

ccjuam.Q  ac:  a ri'.l  '''’th  the  same  oower  of  ? , a double  infinity 

ol  ordniary  differential  equations  is  obtained.  All  these  equations  ex- 
th 

cept  ior  the  zero  order  momentum  ecjuation.  are  found  to  be  linear. 

In  the  present  paper,  only  the  zc.-o'’^  and  first  Older  equations  are  con- 
sidered, but  the  rvielliod.s  of  solution  can  be  extended  to  higher  orders 

if  necessary. 

th 

In  zero  order,  the  momentum  equation  is  given  by- 


(31^0 


X f " - o 

I ! v..> 

0 
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with  boundary  conditions  ~ ^ ^ t ) ” )•  Tliis 

is  of  course  the  well  known  BJasius  equation,  the  .solution  of  which 

-i9 

may  V>e  found  tabulated  by  Howarth,  as  well  as  in  other  standard 
works.  It  is  to  be  noted  that  to  tins  order  the  Blasius  equation  des- 
cribes the  flow  for  all  bodies,  and  the  sliape  does  not  enter  the  prob- 
lem except  ds  It  IS  pTescribed  in  the  cooiflinate  transforination  which 
in  thi.s  approximation  i.s  given  by  Mangier.  Of  cour.se;  such  3 result 
is  to  be  expected  since  it  has  been  assumed  that  the  or  c sure  gi-aditr.rit 


! 3 ZC VO. 


th 


For  the  energy  equation,  the.  zero  order  relation  iv  given  hy 


(^Ib) 


fV 


A, 


-h 


1 " 

Alp 


~ n 


wiT,h  the  boundary  conditions  A ^ O)  ~ A\  ^ for  heat  transfer  or 

A 'O)  ~ O with  c-n  insulated  wall  and  A ^ <=0  ) — 1,  For  Pr  — I 
'o'  o' 

the  complete  analytic  solution  of  the  energy  equation  lia.s  already 

r 1 . . 

LiOen  given  i c.q,  tV,*  j ; wniie  lur  r-r  -■  i viic  utumv  i iv. c* i soi,,,.!,-.. 

I-  -/ 

been  tabulated  hy  Crorco  ^ for  variou.s  \'alues  of  the  T'ran.dti  r!MrnV>er. 


3.  Z First  Order  Equations  and  Admissable  Body'  Cla.sses 


On  tarrying  out  the  prescritied  substitution  of  the  asyiiiptotic 


expansions,  the  fi' st  ord.:-r  mome alum  equation  is  .found  tu  he 


1 


- 4,^  - 

'.vh«re  ~ \ where  the  bv'Undary  conditions  are 

I I 

I|(0)  -•  f,(0)  ~ i.  \^)  ~ O.  Of  course,  <)('  wliieh  is  defined  by  Eq.  ,l'A) 
must  be  eciuai  t'o  a constant  in  order  that  1’,—  (.  'V?  ),  and  it  is  this 

condition  which  prescribes  the  ailowable  body  shapes  in  the  present 
analysis.  A.gain  hov,iever,  the  resultant  integro-differential  equation 

t : 

cannot  be  integrated  except  when  ~ O which  corresponds  to  the 
cone  and  cylinder,  unless  we  limit  ourselve s to  sufficiently  slender 
bodies.  Far  the  sha.rp  nosed  slender  bodies  being  considered,  the 
slope  Oc  can  be  supposed  small  .so  t’lial  te'irns  of  order  eX  ^ and 
higher  might  be  neglected,  and 


o<:  t/. 


so  that 


Un  <J.  = ^ \ 


I 


o.l.j  oiioi  o.>;  The  ' • n-’ 1 r>'r\"it'me  K uiven  hv 

,1  >.>  i ■ 

t/  = — ? — 

Note  that  the  indicated  differentiation  is  with  respect  to  distance  along 
the  .surface,  and  not  along  the  axis.  If  Kj  is  considered  to  be  sufficieni- 
).y  small,  then  when  compared  with  and  c an 

be  neglected,  so  that  the  equation  3^  ~ constant  reduces  to 


i_  onstant 


As  noted  p .-e  vi  o-.i  si  y , in  the  case  of  the  cone  and  cylinder  the  above 
rc;iat;or>  i .s  c;-:;.n  t.  i.'-.i  e g r ah  on  oi  this  eiccation  gives  two  .■'nallieniati;.  ail  / 


I 

j 

i 

( 

I 


I 
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a.dm\ s ;sable  classes  of  body  shapes  The  first  13  ~ a y'  _ny.  -1/2), 

~ _ii£.CL 

where  the  value  of  <r\  is  given  by  <K  ~ ^ , in jepent.ient!y  ol  a. 

Since  must,  be  finite  at  the  origin  then  n ?5-  O.  One  might  note, 

that  tor  the  cylinder  and  cone,  Mi  = O,  and  2/3  respectively.  The 
second  cias.s  of  bodies  is  ~ a which  correspond.s  to  ~ 1 

for  all  values  of  a and  b.  In  any  event  the  exponentially  .shaped  open 
nosed  bodies  of  revolution  have  doubtful  a pnlicabiliiy  to  ae  rodynamic 
problems,  particularly  under  the  a.s.sumption  of  zero  pre.ssure  gradient. 
Neve  rthele.ss,  as  v/ill  be  shown  by  analogy  with  the  two-dirncnsionai 
flow  With  pressure  gradient,  there  is  .some  question  as  to  whether 
negative  values  of  b even  admit  a solution  to  the  problem. 

The  equation  in  ij  [sq-  *>^)\  with  different  right  hand  sides, 

29 

has  occurred  pievicusTy  in  the  analysis  ol  llowarth  on  the  problem 
of  an  ineomfiressible  boundary  layer  in  two -dirr:en sional  flow  under 
a linear  pressure  gradient.  Ttie  equations  f^  , f^  , . . . , . fg 
occurring  in  Howartn's  v.ase  corresponc*  10  vaiue.s  01 
I1K.  -i/2  , -3/2  -fi/2,  ■•!5/2  respectively.  This  mathe- 

matical similarity  bears  out  the  previous  ideas  regarding  the  fact  that 
ti.e  transverse  cur  vature  el'lect  nianifest.s  itself  in  a manner  similar 


to  a pre.ssure  gradient  in  a two-dimensional  flov/.  If  the  analogy  is 
c arried  iurt.her,  it  is  immediately  evident  w'hv  the  body  shapes  which 


•were  found,  wer*  c!  t.'ie  torrn  r " ax'  and  r 

ij  o 


bx 

ae  . I'his 


frjdov.es  from  the  lac  t that  in  the*  p.rescnt  (iroblesn  the  body  radius, 
r^  I'j  pi:--ice,s  the  exie-pul  velocity,  u^.  x).  of  the  two  - d t men  sional 
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incon'ipre6sibie  pi'C.*:'. iui  re  gradient  pri)b!»‘rti  .so!  rri  '.'V  Guld.'itein. 

lie  l.’  ied  to  deierinirie  the  external  velocity  di.str iluitions  which  would 

give  sirfiilar  piofiles.  The  only  admissablt?  solaLions  for  the  velocity 

were  those  found  above  for  , and  furtherniorc  in  the  exponential 

case  GoM.stein  felt  that  b had  to  be  positive.  This  was  verified 

32 

'•hc'rtly  afterwards  by  Hardy. 

Assuniing  the  sliape.s  to  be  such  that  constant,  then  Eq.  (32) 

is  a tin  ."d  o*-dcr  linear  ordinary  differential  equation  in  . The 
honiogcneous  equation  is  luuvcver  only  a pc  rfec  t di  ffe  r ential  in  the 
ca,-,c  of  1,  which  t or  rc .s poiid s to  the  exponenti.al  body  shape, 

hor  ail  other  values  of  ^ , the  equation  has  to  be  integrated  by 

numerical  methods,  although  it  is  po.ssible  to  reduce  its  order  by 
'.V  V ) ting 


(33) 


) 


and 


By  use  of  the  Blasius  relation  for  f^  the  equation  in  f,  is  then 
reduced  to  the  following  second  order  linear  equation  in  G; 


'34) 
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Thi.s  equation  can  be  numerically  integrated  once  the  value  of  ^ 
lias  been  selected.  Integrations  have  been  carried  out  for  G li- 
the cases  whcie^  — O and  2/3,  v.'luch  correspond  to  the  cylinder 
and  t.onc  re  .s  pec  tive  J.y  . The  detailed  methodology  used  will  be  pre- 
■rcntcd  in  a for  <}ir.  oniiog  pa  ra- r . 
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(3  5) 


The  first  oidcr  onerjvy  erjiiation  is  given  by 


o ' 0 


ft  7^ 


where  and  '^Iq  arc  as  defined  previously.  The  boundary  condition.s 


arc  that  A , 'O)  = O for  the  case  of  heat  transfer  :r  O)  * O for 

tlie  in.siilaled  wall,  while  X.‘  c>c>)  " O.  For  Pr  ~ 1 the  solution  is 
krown.  but  for  Pr  ^ 1 the  equation  must  be  integrated  numerically 
by  rrietliods  similar  to  those  used  in  determining  0(4^), 


-1.3  Some  Numerical  Results  for  the  Cone  and  Cylinder 


for  P.r  - 1 


One  of  the  primary  quantities  of  interest  is  the  wall  shear,  or 
skin  friction  coefficient  Cf  which  is  defined  by, 


r-  . 

T 


JZlli 


- c 


If  the  appropriate  asymptotic  e.xp<i>ioio<i 
to  reduce  to 


(36) 
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a equal  impor tance  is  the  local  heat  transft-r  rate  which  is 
defined  by 


/ . i 

( 0/-C 


In  the  case  of  Pr  1,  frune  the  particular  integral  of  the  energy  equa- 
tion given  by  £q  (9)  it  is  simple  to  show  that  the  loca’-  heat  transfer 
rate  is  directly  related  to  the  skin  friction  coefficient  Reynolds  analogy) 
by  the  following  relation 


^ ^ 'T~  ”■  ''^w)  '^r 


(37a) 


However,  in  general  when  Pr  I then 


(37b) 


Pe  'e 
P-r  ' 
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To  simplify  the  numerical  work  the;  Pranritl  number  is  taken  ecjual 
to  unity  since  in  that  case,  the  Reynolds  analogy  parameter  is  constant 
and  only  the  wall  shear  calculation  nc-:d  be  carried  oui.  Furthermore, 
only  the  first  order  correction  T or  j =■  1)  is  examined.  The  body 


shapes  investigated  were  the  cone  ana  cynndei',  wi 


It  i y.  it  iX  A i-nL  wl  a. 


r 1.  . ..  1 ! 4.V,  ^ 


v,.;ly  carc"'  •■'■herr.  as<uimr)tion  of  zero  pressure  gradient  can  be  theo- 
retic a i 1 y justified .. 

!■  or  both  the  cone  and  the  cylinder  the  results  are  presented  as  the. 


ratio  of  the  skin  friction  obtained  by  considering  the  transverse  curvE' 
turc  effec  ts  not  taken  into  account,  by  Tvlangler,  to  tlie  skin  frictiori 

whic'h  one  would  get  using  the  ^'angler  formul.ition.  I'hc  calciilatiid 

« 

values  were  obtained  by  the  numerical  ir  tegration  fd  Fq..  (34),  wdiich 
gives  toi-  fi;c  c-ore. 


f l_0  s/7  f 0 i 0 
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viherc  F ■:r=  I r7"~~>.  , and  tht^  subscript  e represents  the  in- 

.i3  ^ ^ 

viscid  values  downstream  ct  the  conical  shock.  Strictly  speaking  of 
course,  the  cone  solution  should  only  be  valid  for  supersonic  flow 
with  an  attached  shock  however,  in  Fig.  4 which  is  u graph  of  Eq.  {38) 
for  'ff  ■=-  i.  4 , the  values  are  carried  down  to  “ O for  continuity 
purposes.  For  the  cylinder  the  first  order  equation  governing  the  in- 
crease in  wall  shear  is 


<”•  fu), 


d"  f 0 ■r/4^7Aiv‘r 

i 


0 nj  i^y-O  ^ - 


■?-  I C a 

where  C 


, and  the  subscript  e denotes  value. s in  the 


undisturbed  free  stream  fai-  from  the  body.  A plot  of  Eq.  ’’39)  far 

V = 1.  4 is  given  m Fig.  h and  it  is  of  interest  to  note,  that  the 

'^■0  ( C.f  - <fM')  , 

value  of  the  ordinate  parameter  ^ ‘ I ~ — j tor 

A ^ " 1 and  — O is  2.091  which  compares  with  the  value  of 
2.12  given  by  .Seban  and  Bond. 

t rom  r igs.  H and  o ii  can  be  seen  luai.  below  a Ivlai  u i.uiiibei  ol 
about  '3  the  increase  in  skin  friction  coefficient  on  both  tlie  cone  find 
cylinder  for  the  heat  transfer  case  is  practically  independent  of  the 
Mach  number,  although  the  dependency  becomes  significart  around 
“ 5,  and  increasirgiy  important  for  all  higher  iWacJi  numt'ers. 
This  IS  simply  the  man  i testa  tic  n of  the  increase  in  viscous  di.ssijja- 
i;ior>  associated  witli  the  higher  fliglit  speeds.  It  is  alsc;  c.  b-ar  hoih 
from  Figs.  4 and  5.  and  Eqo.  and  fiai.  U-a-  Hl<ir:  t r : c „> u.-'  is 

lar;iec  a*  a co?'=tant  ' ^he  higher  rhe  ratio  •..■f  v.a!  i (roc  s-.T'eam 


Ts!®  •♦j.r? 
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A 

ternperature.  Since  ^ is  proper tioTial  io  .i.-i /r^  , its  constancy  iinplios 
a constant  value  of  the  transverse’  ciirvat.urt,  parameter.  Finally,  from 
Eqs.  (38)  and  ,39}  it  follows  that  for  the  same  surface  temperature  ratio 
and  Mach  number  on  the  cone  and  cylinder,  at  a constant  value  of  the 
transverse  curvature  parameter,  the  skin  friction  in  rease  will  be  larger 
cm  the  cylinder  than  on  the  cone. 

One  of  the  more  irnportant  results  obtained  from  the  calculation  is 

the  approximate  range  of  validity  of  the  solution.  A.s  was  noted  in  Section 

1.  2 the  ordinate  of  Fig.  3 when  divided  by  si  3 represents  p for  both 

the  cone  and  cylinder,  Tliu-:'.  'f  the  a.n.y.’  where  ^ is  small  compared 

to  unitv  IS  considered  then  for  ( 2— i /r  ).  — !,  0.  ?f>,  and  0.  f'  we  have, 

u M 

by  way  of  example,  at  4 that  iS  0.107,  0.081  and  0.0E>3 

respectively.  In  the  case  of  the  insulated  cone  this  gives  values  of 

(cf  - Cf  )/cc  — 0,  9r>,  0.42,  and  0.28  respectively.  It  would  seem: 

' ' M ‘ M 

that  in  this  case  for  1 the  change  in  is  somewhat  too 

large  to  be  given  accurately  by  only  the  first  term  in  the  expansion. 
Neverthele.ss,  what  :s  clear  is  that  for  ^ less  than  about  0,1,  som.s- 
what  less  for  the  cylinder),  which  corresponds  to  in  the  range 

less  than  or  of  the  order  of  unity,  the  present  formulation  would  appear 
to  be  valid.  It  has  already  been  sho-wn  that  this  region  is  in  a practical 
ranpc  of  interest.  Therefore,  for  id;  /r  1 the  increa.se  in  skin 

friction  ovez  what  Mangier  |ircdicts  can  become  important,  and  this 
change  can  be  deteMiuvitd  bv  the  formulation  giver,  in  the  present 


pape; 


I tlift  iorai  heat  transfer  rate  is  iJirectiv 


<..ii  course  for 
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■proportional  to  the  skin  friction,  and  is  given  by  Eq,  ■'37a).  A final 
result  which  should  be  noted  is  that  the  dis pl'scement  thickness  for 
both  the  cone  and  cylinder  is  decrea.sed  from  the  Mangier  value,  but 
only  slightly  as  expected. 

FUTURE  INVESTIGATIONS 

One  of  the  main  problems  for  future  investigation  ia  a study  of 
pres.surc  gradients  in  axially-symmetric  flow  and  their  -'interaction” 
with  the  transverse  curvature  phenomena,  A study  which  would  in- 
clude both  the  hypersonic  sc  if- induced  pressure  gradient  effect  in 
addition  to  the  transverse  curvature  effec  t would  also  be  of  con.sider - 
able  interest. 

An  investigation  of  the  conditions  under  whic  h the  assu.mption 
of  zero  pressure  gradient  is  justified  is  certainly  required.  It  might 
be  possible  to  determine  this  for  the  given  body  shape  and  flight 
speed  by  making  a comparison  of  the  order  of  the  pres  .sure  gradient 
v/ith  ihe  order  of  A/r^  • 

Since  the  calc  ulation.s  in  th.c  present  paper  have  only  been 
carried  out  to  first  order,  it  v/ould  be  worthwhile  to  evaluate  the 

contributions  to  ir.crea.se  the  accuracy  (>f  the  rc.'  ubs  and  to 
establish  more  clo.sely  the  range  of  validity  of  the  present  solutions, 
'in  addition,  some  nume*-icai  integ ratiens  of  the  energy  ecjuaUCi  for 
F'i  a-n'Jii  riunTne'';-v  different  fr-ovii  i.inity  .are  needc-d,  m oi-'ici  io  defer - 
Uiine  t.hc-  c'd'C-.t  on  t.l'io  hca*  • ran.sfe.'  rate  and  recover-^  i'ci c.) r I'c.r 
■iccci.i)  eeics  1’  ■-.•'len*:  in  naie  ;•,>  eKami-'c  the  ine'.c.';' 


ir\  the  p! 
has  been  ass 


hfl 


•esent  investif;aitioii  a linear  vi sco.sity- tezi-sperati.sre  relation 
umed,  so  that  f.c  check  its  accuracy  son'ic  calculations  slxould 


be  made  m which  a inore  realistic,  relation  i.s  utLli2.ed, 


CONCLUSION.:. 


i.  The  t.rarisvt: r sf  curvature  effect  in  a/Ciaily- symmetric, 

flow  is  charaLt,er’z.cd  by  the  parameter  , where  is  the  pro- 

jection of  the  boundary  layer  thickness  or  more  precisely  the  displace- 
ment thickness  onto  (he  transverse  plane,  and  i.s  the  distanr.e  from 

any  point  on  the  body  to  the  axis  of  symmetry, 

. There  are  two  mam  a.symptotic  flow  regions,  which  for  a 
pointed  horiy  of  revolution,  wnere  the  radius  increases  witti  axial  dis- 
tance, can  be  represented  by  ),  a "nosc’=  region  di .stingui shed  by  the 
fact  that  Z-./r^^  .>>  1,  and  il,  a "downstream''  region  where  is 

of  the  order  of,  or  less  than  unify.  Tiie  two  regions  arc  separated  by 

VI  "tran-sition"  zone  where  -'r  is  intermediate  between  these  value.s. 

o 

i.  T!ic  nosv  region  is  characterized  by  the  tac,  tiiat  the  stress 
term  arising  from  the  transver.se  curvature  becomes  of  the  .same 
order  of  magnitude  as  tiu-  usual  viscou.s  .stre.ss  tern!  in  lijc  oiomc.i.'iuiii 
firyn  The  dowps+ream  repion  is  cha'^actcrized  by  the  fact  that 
the  effects  produced  by  the  transverse  rur-./ature  can  be  considered 
to  he  essentially  a [>c r lu rbalion  of  a flow  whi-'h,  in  tiie  limit  of 
very  much  less  than  unity,  approaches  a Iv/o- dimensional  pattern. 

4.  The  downstream  domain  is  divided  into  three  sub-regicvDs 
ctu.'h  one  of  which  is  a limiting  case  of  the  other.  The  first  is  where 
i.s  very  nnicii  U ..s  tiian  '.inrty  and  ilie  effect  of  tire  aKlal  • 

.lyrnrne. try  is  neglv-iiblc  and  the  flow  apnroac  lies  a f.-wo  .dinrerisior-al 
aarcvif'.  ; :s  ...dihcs  .r,.:  do?;-:;:!  i;'jv‘v.(l  ’.'.‘c:;' 


- - 

irar-sit^on  to  turbulent  flow  took  place.  The  second  fjob- regiori  ia  whcio 
ife  small  compared  to  unity,  {say  0.  I or  Ic-.ss),  aiid  this  is  v/bere 
Mangler's  (ornoulaiion,  which  takes  into  account  the  transverse-  curvature 
effect,  only  approximately,  is  valid.  I he  third  sub-region  if.  where  the 
boundary  laye,  -J-.’rkr.cs.s  begins  to  approach  or  beceme  of  tlie  order  of 
th.-*  body  radius. 

.5.  The  Idcuftf-roarin  integral  of  tiie  twe, -ilimensional  energy  equation 
for  Prandt)  number  unity  and  an  insulated  .surface,  with  an  i soene  .-ge  tic 
f."ec;  .stream  and  arbitrary  pre.s.sure  gradient  is  valid  under  the  .same 
condition.s  for  axiniiy-sytnmctrii.-  flow,  in  which  th.e  tramever .sc  curv.-.  ■ 
tare  effei  1-5  arc  -..uns idered.  Tiie  Croceo  mtegral  of  the  two-dimensional 
energy  equation  is  also  shown  to  hold  fc»r  the  constant  surface  tempera- 
ture, if.cro  v/rensure  gradient  case  with  Prandtl  number  unity. 

6.  By  mean?,  of  the  coordinate  transformation 

' j - i I 

y rs  I ^ — (PfX  and  u ==■  j ^ — 0^ 

1 L (?  / u (f 

v'hich  gene  r .ai  1 s iVlanglcr's  transformation,  the  boundary  layer 
equation?  are  reducible  to  an  almost  tv.-o-di/>'!cn.sionai  iorm.  Here 
r(x,  y)  is  ilie  distance  from  any  point  in  tiie  boundary  layer  to  the  axis 
of  symmetry,  .and  L is  a characteristic  reference  length. 

7.  The  additici.-a!  term  which  arise.?  in  both  the  momentum  and 
energy  equarioriG  ac  a re.sult  o*.  th-.;  tranivci'se  cuvvature,  has  tfie 
same  effei  I as  an  ev.irrnyl  favor  :ddt  pi  r s.' vir  i gra-diei.t,  .nt  Ic-ast  in 
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the  region  where  L^s/r^  is  less  than,  or  ul  the  Older  of  unity.  On 
this  basis  results  obtained  by  previous  ttulhor.'  can  be  i.ntei'firctcd. 

8.  For  a "near  paraboioid",  with  the  axial  pressure  gradient 
assumed  to  be  zero,  without  making  any  approximations  in  the 
bcundary  layer  equations  ' similar"  profile.^  can  be  obtained.  Here, 
similar  i.s  used  In  the  re. si. "if ted  meaning  that  the  velocity  and 
temperature  distributions  are  deri'-abb-  from  ordinary  differential 
equations, 

9-  Within  the  region  where  is  Jess  than  or  of  the  order 

of  unity,  solutions  of  tVie  axially  - .s  ynunotric  boundary  layer  equations 

for  zero  pres.sure  gradient  arid  body  sliapes  where  r,.^  •c:;.  ax*^’  or 
b X 

ac  can  be  obtained  as  asymptotic  series  for  the  velocity  and 

temperature  in  ascending  powers  of  o parameter  ^ . Here,  i' 

is  small  in  comparison  to  unity  and  is  piroportional  to  LS./r^  . The 
f’.-. 

zero  '*  approximation  is  the  Mangier  result. 

in  Thf  firef.  order  correction  to  the  Manpler  formulation  for 
Pr  — ] shows,  that  at  lea.st  in  the  case  of  the  cone  and  cylinder,  the 
effeci  on  both  the  skin  friction  coeti’icient  ana  heat  transfer  rate  can 
become  appreciable  in  the  range  where  /to  is  less  than  or  of  the 
order  of  unity.  At  a constant  /r^  , the  effects  are  increased  in 
magnitude  when  either  the  ratio  o>  wall  to  free  .stream  temperature, 
or  Mach  number,  is  increased.  .Also,  all  other  condinor-s  being 
equal,  for  the  same  value  of  /\  /r^  tin'  .skin  friction  conf f ic i er.t 
and  hence  .heat  *r3.r.sier)  iin.-e  via  Om  v.  y i i c,.j  e t is  than 


- !i4  - 

that  on  the-  c one.  The  displacement  thickness  for  the  cone  and 
cylinder  U decreased  from  the  Mangier  value,  but  only  very 


slightly. 
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